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ABSTRACT: In this paper, we develop the formulation of the spin coherent state in real parameterization
SU(2), SU(3), SU(4), SU(5). We obtain Berry phase from Schrodinger equation. For vector states, basic kets
are coherent states in real parameterization. We calculate Berry phase for qubit, qutrit, qudit with spin S =

12,1, 3/2,2 in SU(2) group and Berry phase.
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I.INTRODUCTION

In 1984 Berry published a paper which has until now
deeply influenced the physica community. In
mechanics (including classical mechanics as well as
guantum mechanics), the Geometric phase, or the
Pancharatnam-Berry  phase (named  after S
Pancharatnam and Sir Michael Berry), also known as
the Pancharatham phase or, morecom monly, Berry
phase (Pancharatnam, 1956), Therein he considers
cyclic evolutions of systems under special conditions,
namely adiabatic ones. He finds that an additional phase
factor occurs in contrast to the well-known dynamical
phase factor is a phase acquired over the course of a
cycle, when the system is subjected to cyclic adiabatic
processes, resulting from the geometrical properties of
the parameter space of the Hamiltonian. Apart from
guantum mechanics, it arises in a variety of other wave
systems, such as classical optics. As arule of thumb, it
occurs whenever there are at least two parameters
affecting a wave, in the vicinity of some sort of
singularity or some sort of hole in the topology. In non-
relativistic quantum mechanics, the state of a system is
described by the vector of the Hilbert space (the wave
function) H which depends on time and some set of
other variables depending on the considered problem.

The evolution of a quantum system in time t is
described by the Schrodinger equation.

We consider a quantum system described by a
Hamiltonian H that depends on a multidimensional real
paramcter R which parameterizes the environment of
the system. The time evolution is described by the time
dependent Schrodinger equation

ad
HRO)P@) ) =ih=-lw(®) ) (@)

We can choose at any instant a basis of eigen states
In(R(t)) )or the Hamiltonian labelled by the
quantum number » such that the eigen value equation is
fulfilled

H(R(®))In(R(t)) )
=Ey(R®)|n(R®) ) -(2)

We assume that the energy spectrum of H is discrete,
that the eigen values are not degenerated and that no
level crossing occurs during the evolution. Suppose the
environment and therefore R(t) is adiabatically varied,
that means the changes happen slowly in time
compared to the characteristic time scale of the system.
The system starts in the n" energy eigen state

[p(©) )=In@R©0) ) (3)
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Then according to the adiabatic theorem the system stays over the whole evolution in the n™ eigen state of the
instant Hamiltonian. But it is possible that the state gains some phase factor which does not affect the physical state.
Therefore the state of the system can be written as

lp(&) Y=e“nnR®) ) @
One would expect that this phase factor is identical with the dynamical phase factor@,, which is the integral over the

energy eigenvalues
t

1 Aol
0 =3[ B@IA G
0

but it is not forbidden by the adiabatic theorem and the Schrodinger equation to add another term ©,,which is called
the Berry phase (Y adollah 2014)

() = 0,(8) + 0, () (6)
We can determine this additional term by inserting the an sat z (4) together with equation (6) into the Schrodinger
equation (1). Thisyields with the simplifying notation R = R({)
ad d
3 "MR®) ) +i€,OnR(E) Y)=0 (7)
After taking the inner product (which should be normalized) with [nR(t) )we get

%@n(t) = i(nR(t]]% nR(t)) (8)

d | dR
7; 90 (O = nROIVeInR@) 7= (9)
and after the integration

0,0 =i [(nR(t)IVRInR(t])dR (10)

R

where we introduced the notation

Ay = ip|oxd) (12)

Then the total change in the phase of the wave function is equal to the integra

106 ,
On = _EI E,dt + O (13)
0

O :f dak A, (14)
A

The respective local form of the curvature has only two nonzero components:
The expression for the Berry phase (14) can be rewritten as a surface integral of the components of the local
curvature form. Using Stokes formulae, we obtain the following expression

1 k 1
Op = 3 dA* x dA'Fy (15)
5
where Sisasurfacein R3and F,; = 9, A; — 8,4, are components of the local curvature form .

Berrys phase for coherent state in SU(2) group for a spin % particle (qubit)

For construction coherent state in SU(2), we consider the reference state as(1,0)7, the general form of coherent state
in this group we obtain form the following formula (10):

[ Y=e %70 Yy=Colo Y+ Cl1 ) (16)
That

el (== 6
G = (:os(z).e_““’C1 = sin(z) 17
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We calculate the Berry phase for a spin 1/2 particle in non-relativistic quantum mechanics. A coherent state for spin
1/2 particle is described by the following function [8]:

i (COS(B/Z}G_“P) (18)

sin(8/2)
This eigen function are normalized on unit,
(plp)=1  (19)
The corresponding solution of the Schrodinger equation is
P = e'® (20)

where the phase © satisties. Component of the local connection form4,, = i{¢|d,¢) for the eigenstate ¢ are easily
calculated

Ag = i(Pl0gd) = (cos(8/2)e*® sin(6/2)) (_1{?;:;59(?/)23—@) =0

Ay = (910,9) = tlcos(0/20e"® sino/2)) (7105 /D) = 52 (7)

A,=0 (21)

. (0 ] (i
Fgp = 0gA, — 0pAg = —sin (E) cos (E) ilmis sinf = —Fyg (22)

Now we calculate the Berry phase for a closed curve in the parameter spaced = A(t),
1 1 1
Op = i dA* A =§J‘J; dA* x dA'F, = J]; do X dgfy, = _E,ﬂ d@ x desing = —Ef(l —cosf) do

1
=- EQ(A) (23)
Where Sis a surface in R3*with the boundary A(t) and Q(A) is the solidangle of a surface S as it looks from the

origin of the coordinate system. This result does not depend on how parameters depend on time.
We also calculate the Berry phase for & spin-1 particlein SU(2) in non relativistic quantum mechanics.

A. Berrys phase for coherent state in SU(2) group for a spin 1 particle (qutrit)
We consider reference state as (1,0,0)” for a spin-1 particle (qutrit) in SU(3) in nonrelativistic quantum mechanics.
Coherent state in real parameter in this group is in the following form [9]:

[y )= D2(6,p)e 729070 Yy =Col0 Y+ Cyl1 MCl2 ) (24)

D%(S,(p) = =S sl =25
Quadrupole moment is

2-—100

If we expand exponential termsin coherent state, obtain coefficients:
AR I o g)(,‘osg + e""(Coszg)Sing)
Gi=o i (e"%Cosg — e Sing)
V2
C,=e (e~ (Cos? g)Cosg + e (Sin® g)Sing) (27)

Two angle, 8 andg , define the orientation of the clessical spin vector.The engle y is the rotation of the quadrupole
moment about the spin vector. The parameter, g, defines change of the spin vector magnitude and that of the
mquadrupole moment.

NN TN 7 o o
Q,vy:4_i(55 S i~ et b o (26)
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Coherent state for spin-1 in real parameter isin the following form (5):
If we go from SU(3) group to SU(2), we musty = 0, g = Oand in this condition we obtain equations of SU(2)
group.

el® (Sin2 9)
5

7z (29)

e~ie (C 05?2 ﬁ)
2

If we consider solution of the Schrodinger equation  similar to equation(16), then component of the local
connection formF,; = d, A; — d;A;, for the eigen-state ¢ are eesily calculated

Ag = pldgp) = 0,4, =0 ,4, = Cos8  (30)
And components of the local form of the curvature are

Fop = 0gA, — 0,Ag = —Fug = —Sind (31)
Now we calculate the Berry phase for a closed curve in the parameter spaced = A(t),

1
Op = i dAkAk =Ejjs d* x d}ltFkg = ffs de x d(pFﬂqo = —J‘f df x dpsing = — f(l — cos@) de

=-Q) (32)
Where Sis a surface in R*with the boundary A(t) and Q(4) is the solidangle of a surface S as it looks from the
origin of the coordinate system.

B. Berrys phase for coherent statein SU(2) group for a spin 3/2 particle (qudit)

We consider reference state as (1,0,0,0)"for a spin-3/2 particle (qudit) in SU(4) in non-relativistic guantum
mechanics. Coherent state in real parameter in this group is in the following form [10,11]
[y ) =D(6,9,y)e* 9?7 e e M0 ) = Gol0 )+ Cil1 MHGI2 )HGI3 ) (33)

where |0i is reference state and
D(8,¢,y) = e”957 7057 o=lrs*  (34)
is Wigner function. Quadrupole moment is

. 710010
L
AX}’:—S+S+_S—S— == i 0 00 1
0-1 0 0
Octupole moment is

! i 00 0 1
aryz _ 3 crcicr _c-e—ey— 1|0 0 0 D

F _61:(555 575757 o 0 0 0 (36)
-1 0 0O

If weinsert all above calculation in coherent state, obtain:

3, i i 3.
Co = A2 @ Y=P) _ Aze?(3¢+v—3ﬁ) = Ble§(3“”_”+3m - Bzgi"("‘”“m
3, L i 1
C, = As‘?;‘l(fﬂ—}""ﬁ) — A4€§‘(340+Y'35) + Bgez(‘¢'y+3ﬁ') _ B4e§(¢'f'3y+3ﬁ)
C, = B',e2@3V38) _ g’ o5 01438) 4 g o~3(047=38) _ g0 p—3(0-3y-3p)

3, I i, i , 3| b
Cy = B e 7@V B) _ g’ o3G0 1430 | g1 o=3i0-=B) _ y' o3 (3047=36)

6 . 6
Ay =sin? (E) cos g sink,A; =sin? (E) cos g cosk
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_ 7} ) , e L (0
A, =+V/3sin (5) cos? (E) singsink,A, = V3sin (E) cos? (E) sin g cosk

a o
A; = /3 sin? (E) cos (E) cos g sink

6 . (7]
A, = cos(f) cos? (E) sin g sink , A, = cos(#) cos? (E) sin g cos k

_ 8 6 . —(lfnsprer a
B; = V3sin? (E) cos (E) sin g cos k , B; = V3 sin? (E) cos (E) sin g sink

6 ! 6
B, = cos® (E) cos g cosk,B, = cos® (—) cos g sink

2
. 6
B, = sin(8)(2 — 3 sin? (5)) sin g cos k G7)
— . /8 ) . I )
B, = V3sin (E) cos? (E) cosgcosk,B, = V3sin (5) cos? (E) cos gsink

If we go from SU(4) group to SU(3), we must g = 0, # = Oand in equations
k — g inthis condition we obtain equations of SU(3) group.
If we go from SU(4) group to SU(2), wemustg= 0, =0,y =0,k = 0 in this condition we obtain equations of
SU(2) group.
2y 3
cos? (E) ez'?

V3sin (g) cos? (g) eé““ (38)
0

2 I
—sin® (E) e 2
| 3 ,(9 Sy =3 il e
Ag =I(¢|ag¢)=_isln (E)cos (E)+§cos (E)Sm (E) Ay =0,

0= é-(cos 7))~ sin® {3 )+ 7 Sin E) cos™ {3 (39)
And components of the local form of the curvature are

ngg = agA(p - a(pAg = agAqg = _ng
3 (9) = (6‘) 9 (6‘ = (6‘ i il (6‘\ . (6‘ i
=3sin (5)cos®(3 + 5 €08 2) sin 2) 5 sin 2) cos 2) (40)

Now we calculate the Berry phase fot a clased curve in the parameter space 4 = A(t),

k 1 k l
eng dA Ak = dA Xd&pm
i 2 s

=J’J’ do x deFy,
- [forxanan Q) () +30m G (¢)3en (e
= X qo(zsm 5)cos” (5] + 5 cos 2)51n 2 +25|n z)cos 2))....

= f(% cos® (g) - %Sil’l4 (g)) de (41)
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C. Berrys phase for coherent state in SU{2) group for a spin 2 particle {qudit)
We consider reference state as (1, 0,0,0,0)7 for a spin-2 particle (qutrit) in SU(5) in nonrelativistic quantum
mechanics. Coherent state in real parameter in this group is in the following form:

" )=D%(B’(p,T)ezfgq"xye—iﬁfze—fk@xyze—fms‘ze-in)?xyz{lo )
=GCol0 Y+ GI1 )HC]2 )+G[3 )+C4l4 ) (42)

Where|0 ) is reference state and
3
D2(0,@,y) = e~ 0571057 o=rs  (43)

Quadrupole moment is

0 0 1 0 0
R il0 0 0 1 0
0 ==|-1 0 0 0 1 (44)
2lo -1 0 0 O
0 0O —1 0 O
Octupole moment is
0 0 0 1 0
~ 1 110 0 O 0 1
07 = — (§*§*S* - S 5-S)=-|0 0 O 0O O (45)
12t =1 0o 0 0 O
0 -1 0 0 O
Hexadecimalpole moment is
0 0 0O O 1
R 1 1]0 0 0 0O O
X2 = — (§*S*S5HST — 57575757y =—|0 0 0 0 O (46)
241 fflo o 0 0 0
=il flfiHa 0 0 0

If we expand exponential term in we obtain the following form:

Co = —e? B+ sinn (A2 @1 f, + Be2l0 ), + Ce®@f,) + cosne 2™ (e* (cosge'**~Vf,
+ singe'@* 'V £)sink + e *# (Be?'? MV f, + Ae* @'V f, — Ce* ¥ f,)cosk)
C; = —e?B+Mginn(Ae' P~ f, + B! PTIf 4 Ce'®f,) + cosne™ 2™ (e# (cosge! @,
+ singe' PV £ sink + e3P (Be! P2V, + Ae!@HIVf — Cel® fi)cosk
C, = —e* B Msinn(Ae™2" f; + Be®V f; + Cfyo)
+cosne 2™ (e (cosge ™ fy — singe® fy)sink
+e 2B (Be?iY f, + Ae ™2 f, — Cfy0)c0Sk)
C; = e2B+Mginn(Ae~i@¥2 £ 4 Bel-9+2V)f, 4 Ce~i¢f,)
+ cosne‘zfm(e‘f"(cosge“(4°+?’7f7 + singe' Y f)sink — e "2 (Be ' W2 f, 4 Aei-oraNf,
— Ce™"f)cosk)

Cy = —e?B+Mginn(Ae 2@, + Bez’:(“‘””)fs + Ce %% f,) + cosne~?™ (etf (—cosge~I2¢*Vf,
— singe! =20 £ )sink + e 2B (Be 21 e+ £, + Ae? e f, — Ce21% f)cosk)

1 - 1 o sinv2g
A= 5(1 +cosV2g), B = 5(1 —cosv2g),C = 7
% 56* 176° 136° 257410
fiml-s e T
2 48 1440 16128 7257600
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If we go from SU(5) group to SU(2), we must f =0,g =0,y =0,k =0,m=0,n=0 in this condition we

obtain equations of SU(2) group.

f3

Ag = i(p|dgdp)

And components of the local form of the curvature are

ng, = agA(p

(fs + F)e
2 5 1
2t Fye

1 —i
_'E(fs + fo)e™'?
1 .
5 (fy + fs)e ¢

1 1 1 1
=Zfsaefs +Zf568f1+1f466f5 +Zfla€f1: A; =0,

(48)

A,=0

@ (49)

— 0,49 = —Fye =0 (50)

Now we calculate the Berry phase for a closed curve in the parameter spaced = A(t),

1
:ftﬂhu=§ﬂ‘wﬁxwﬁh=f d6 x dpFg, =0 (51)
A 5 5

DISCUSSION

Geometric phases are important in quantum physics and
are now central to fault tolerant quantum computation.
We have presented a detailed analysis of geometrical
phase that can arise within general representations of
coherent states in real parameterization in SU(2). As
coherent state in SU(3) group with y=0,g =
0 convert to coherent state in SU(2).

As coherent state in SU(4) group with y =0,g =
0,y = 0,k = Oconvert to coherent state in SU(2), As
coherent state in SU(5) group with y =0,g =0,y =
0,k =0,m=0n=0convert to coherent state in
SU(2), Berry phase also change in similar method. We
can continues this method to obtain Berry phase in
SU(N) group, where N = 3. We can also obtain Berry
phase from complex variable base ket.
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CONCLUSION

We conclusion that result in two different base ketis
similar. Berry phase application in optic, magnetic
resonance, molecular and atomic physics[12,13].
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