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ABSTRACT: In the present work, we prove some fixed point theorems on partial b-metric space using fuzzy 
mapping for single and pair of mappings. These theorems extends the work of Shoaib et al. published in 
Fixed Point Theory and Application in 2018. One example is also given in the support of our result. 
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I. INTRODUCTION 

Theory of the fixed point plays a key role in the various 

disciplines. This theory has many applications in pure as 

well as in applied mathematics. In 1922 Stefan Banach 

[1] proposed the idea of fixed point in contraction 

principle known as Banach Contraction Principle and it 

is most important and useful result in the fixed point 

theory. It got importance due to its application in the 

iterations work with the help of computer. 

The fuzzy set notion was studied by Zadeh [2] in 1965. 

Then Butnariu [3] and Weiss [4] proposed the concept 

of fuzzy mapping and proved various fixed point results 

using this mapping. Later, the fuzzy contraction 

mapping introduced by Heilpern [5] and by using the 

fuzzy contraction mapping a fixed point theorem has 

been proved which is a fuzzy analogue of Nadler’s[6] 

fixed point theorem for the multivalued mapping. 

The generalization of usual metric space named as b-

metric space was presented by the Bakhtin [7] and 

Czerwik [8] in 1989.After that many results are given in 

β-generalized weak contractive multi-functions and b-

metric spaces [9-11]. 

Steve G Matthew [12] proposed the Partial metric space 

in 1994 and Banach contraction theorem was proved 

under the conditions of partial metric space. 

In 2014, Satish Shukla [13] proposed the partial b-metric 

and using the Kannan type mapping, a fixed point 

theorem for Banach contraction was proved on this 

space. 

In this present work, we introduce a fuzzy mapping in 

partial b-metric space and also some fixed point 

theorems are proved on the partial b-metric space using 

the fuzzy mapping for single as well as for the two 

mappings. 

 

Definition 1.1[14] Let � = ∅ and � ≥ 1 and function ��	: � × � → 0, ∞� is b-metric when it satisfies the below 

mentioned properties: 

(i) ��	����, ���� ≥ 0      ∀ ���, ��� ∈ � 

(ii) ��	����, ���� = 0 ��� ��� = ��� 

(iii) ��	����, ���� = ��	����, ���� 
(iv) ��	����, ���� ≤���	����, ���� +            ��	����, �����         ∀ ��� , ���, ��� ∈ � 

then the pair ��, �� 	) is known as the b-metric space and 

it is the extension of usual metric space. 

 

Definition 1.2[15] Let Y≠ ∅  and function ���: � × � →0, ∞� is known as partial-metric when it satisfies the 

below conditions: 

(i) ��� = ��� ⇔ �������, ���� = �� �����, ���� = �� �����, ����  ∀  ��� , ��∈ � 

(ii) 0 ≤ �������, ���� ≤ �� �����, ���� 
(iii) �������, ���� = �������, ���� 
(iv) �������, ���� + �������, ���� ≤  �������, ���� +      ������� , ����! ;   ∀ ���, ��� , ��� ∈ � 

Then the pair(Y,���) is known as partial metric space. 

 

Definition 1.3[17] Let � ≠ ∅ and t be a positive integer 

and function ���	: � × � → "# is known as partial b-

metric when it satisfies the following axioms: 

(i) ��� = ��� ⇔ ���	����, ���� = �� �	����, ����= �� �	����, ���� ∀  ���, ��� ∈ � 

(ii) �� �	����, ���� ≤ ���	����, ���� 
(iii) �� �	����, ���� = �� �	����, ���� 
(iv) �� �	����, ���� + ���	����, ���� ≤� ���	����, ���� + ���	���� , ����!   ;   ∀ ���, ��� , ��� ∈ � 

then (Y,�� �	) is known as the partial b-metric space. 

Then it is clear that class of ���	 metric space is 

effectively larger than �� � metric space and when we 

take t=1, ���	is a �� 	metric space. 

Then the each partial metric p on Y generates the 

topology $%on X with base of the family of openp-

balls{ '%����, (��: ��� ∈ �, (� > 0}, 

e
t
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where'%����, (�� = {��� ∈ �; ���	����, ���� <���	����, ���� + (�} 
Next  we are giving one Example of Partial b Metric 

Space 

Example 1.1 Let � = -# ∪ {0} and a function ���	: � ×� → �  by �� �	�(��′, (0�′� = |(��� − (0��| then we show 

that ��, ���	� be partial b-metric space. 

Proof: �� �	�(���, (0��� = |(��� − (0��| 
(i) (��� = (0�� ⇔ ���	�(���, (���� = ���	�(���, (0��� = ���	�(0��, (0��� 

|(��� − (���| = |(��� − (0��| = |(0�� − (0��| 0 = |(��� − (0��| = 0 ⇔ (��� = (0�� 
 

(ii) ���	�(���, (���� = |(��� − (���| ≤ |(�′� − (0��| ≤ ���	�(��′, (0��� ���	�(���, (���� ≤ ���	�(��′, (0��� 
 

(iii) ���	�(���, (0��� = |(��� − (0��| = |(0�� − (���| = ���	�(0��, (���� 
 

(iv) ���	�(���, (3��� = |(��� − (3��| = |(��� − 2(0�� + 2(0�� − (3��| = |(�′� − (0�� + (0�� − (3�� + (0�� − (0��| ≤ |(��� − (0��| + |(0�� − (3��| − |(0�� − (0��| ≤ �|(��� − (0��| + |(0�� − (3��|�−                                                  |(0��− (0��|         56 � ≥ 1� ���	�(���, (3��� ≤ � ���	�(���, (0��� + ���	�(0��, (3���!−                                  ���	�(0��, (0��� 
then, it satisfies all the conditions of partial b-metric 

space. So, ��, ���	� is a partial b-metric space. 

Definition 1.4[17] Let (Y,���	) is partial b-metric space 

and let a sequence {78} in Y and 7�∗ ∈ �. Then 

(i) Sequence {78} is convergent to y 

iflim8→> ���	�78, 7�∗� exists and it is finite. 

Here 7�∗ is known as a ���	-limit of {78}. 
(ii) In (Y,���	� sequence {78}is a cauchy 

sequence if lim8,?→> ���	�78, 7?� exists 

and it is finite. 

(iii) Let (Y,���	� be the complete partial b-

metric space if every Cauchy sequence {78} in Y there ∃ 7�∗ ∈ � s.t. lim8,?→> ���	�78, 7?� = lim8→> ���	�78, 7�∗� = ���	�7�∗, 7�∗� 
The limit of convergent sequence may not be unique in 

partial b-metric space. 

Definition1.5 [15] Let A be subset of N is said to be 

closed in (N,p) if it is closed w.r.t.$% . Then A subset is 

known as bounded in�A, ���	) if there is BC ∈ A and M > 

0 

Such that 5 ∈ '%	�BC, D� 5 ∈ E i.e., ���	�BC, 5� <���	�BC, BC� + D  ∀ 5 ∈ E.  

Let CB
Pb

(N) is collection of all closed, non-empty and 

bounded subsets of N w.r.t. the partial b-

metric���	.ForE ∈ F'%	�A�,we define 

���	�G, E� = �B�HI∗∈J���	(x,7�∗). 
In A, there is atleast one best approximation if each 7�∗ ∈ A , then A is said to be proximinal set. The set of 

all proximinal subsets of N is denoted by the P(N).  

Definition1.6 [18] The function KLMNO: P�A� × P�A� →0, ∞�, defined by KLMNO�E, '� = Q5G{6RST∈J ���	�5, '�, 6RS	∈U ���	�E, V�} 
is called partial Hausdroff b-metric space on P(N). 

A function with domain N be fuzzy set in N and the 

values belongs to [0,1], then the group of all the fuzzy 

sets in N is F(N). If a fuzzy set K and 7�∗ ∈ � , then 

K(7�∗) is function value which is known as the grade of 

membership of 7�∗ in K. ThenW-level set of the fuzzy set 

is represented by X�Y and defined as follows: X�Y = {7�∗: X�7�∗� ≥ W} where W ∈ �0,1� X�C = {7�∗: X�7�∗� ≥ 0} 
Let A ≠ ∅ and J is metric space. Then a mapping V is 

fuzzy mapping if mapping V from N into F(J). Fuzzy 

mapping V be the fuzzy subset on A × Z with 

membership function V(7�∗)(x) be grade of membership 

of x in V(7�∗). Here, we represent the W-level set of 

V(7�∗) as[�7�∗��Y. [16] 

Definition1.7 [16] A point 7�∗ ∈ A is known as the fuzzy 

fixed point of the fuzzy mapping \: A → ]�A� if ∃ W ∈�0,1�, such that,7�∗ ∈ \7�∗�Y. 

Lemma 1.1[18] Let two non-empty proximal subsets V 

and W of partial b-metric space�^, ���	� and if _∗ ∈[ then ���	�_∗, `� ≤ K�[, `� 
 

Lemma 1.2[18] Let a^, ���	bbe partial b-metric space 

and let cP�A�, KLMNOdis partial Hausdorff b-metric space. 

Then,  ∀ [, ` ∈ P�A� and for each _∗ ∈ [, there exists e∗f∗ ∈ ` satisfying ���	�_∗, `� = �� �	�_∗, e∗f∗� 
then, KLMNO�[, `� ≥  ���	�5, e∗f∗� 
II. MAIN RESULT 

In this section, our purpose is to prove some fixed point 

theorems under fuzzy mapping for single as well as for 

two self-mappings. 

Definition 2.1: Let (X, ���	) be partial b-metric space 

with the constant t ≥ 1 and a mapping V:X → F(X) is 

known as the multi valued generalized contraction if KLMNOa[G�Y�g�, [7�Y�H�b ≤ 5����	aG, [G�Y�g�b +50���	a7, [7�Y�H�b 

     + 53 h�� �	aG, [7�Y�H�b +���	a7, [G�Y�g�b i 
+ 5j3� lmm

mno���	aG, [7�Y�H�b + ���	a7, [G�Y�g�bp�� �	a7, [7�Y�H�b�� �	�G, 7� + ���	a7, [7�Y�H�b qrr
rs
 

+ 5t2� ���	�G, 7� 
for all G, 7 ∈ ^ and 5u ≥ 0, i = 1,2,...5 with �5� + 50 +��� + 1�53 + Tv3 + Tw0 < 1. 
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Theorem 2.1 Let (Y,�� �	� be the complete partial b-

metric space with constant � ≥ 1. Let [: � → ]��� is 

fuzzy mapping, and let QC is any arbitrary point in Y. Let 

there ∃ W�Q� ∈ �0,1�  ∀ Q ∈ �and V satisfies the 

following conditions: KLMNOa[Q�Y�?� , [B�Y�8�b ≤ 5��� �	aQ, [Q�Y�?�b +50���	aB, [B�Y�8� b 

+53 h ���	aQ, [B�Y�8� b+���	aB, [Q�Y�?� bi 
+ 5j3� lmm

mno���	aQ, [B�Y�8�b + ���	aB, [Q�Y�?�bp�� �	aB, [B�Y�8�b���	�Q, B� + ���	aB, [B�Y�8� b qrr
rs
 

+ 5t2� ���	�Q, B� 
And���	aQC, [QC�Y�?x�b ≤ y�1 − �y�( ∀ Q, B ∈'LM NO�QC, (� , ( > 0 5B� �y < 1,  
eℎ�(� y = cTI#{T|#}w~� d���cT~#{T|#}v| d�. 
Also,5u ≥ 0, eℎ�(� � = 1,2 … .5 e��ℎ �5� + 50 +��� + 1�53 + Tv3 + Tw0 < 1 5B� 5� + 50 + 253 + Tv3 + Tw0 ≤1 eℎ�(� ∑ 5u < 1.tu��  Then, there exist Q∗ in 'LM NO�QC, (�such thatQ∗ ∈ [Q∗�Y�?∗�. 
Proof: Let QC be any arbitrary point in Y such that Q� ∈ [QC�Y�?x�. Let a sequence {Q�} of points in Y 

such that Q� ∈ [Q����Y�?��I�. 
First, we show that Q� ∈ 'LMNO�QC, (�  ∀B ∈  A ���	�QC, Q�� = ���	aQC, [QC�Y�?x�b ≤ y�1 − �y�( < ( ⇒  Q� ∈ 'LMNO�QC, (�. ��� Q0, Q3, … … Q� ∈ 'LMNO�QC, (�, �∈ A.    
Now, by using lemma 1.1 we get ���	aQ�, Q�#�b = KLMNO � [Q���!Ya?��Ib,  [Q�!Ya?�b� 

≤ 5����	 �Q���,  [Q���!Ya?��Ib� 

+50���	 �Q�,  [Q�!Ya?�b� 

+53 ����	 �Q���,  [Q�!Ya?�b� +
���	 �Q�,  [Q���!Ya?��Ib�� 

+ 5j3�
lm
mmm
mm
n����	 �Q���,  [Q�!Ya?� b� + ���	 �Q�,  [Q���!Ya?��Ib��

�� �	 �Q� ,  [Q�!Yag�b�
���	aQ���, Q�b + ���	 �Q�,  [Q�!Ya?�b�

qr
rrr
rr
s
 

+ 5t2� �� �	aQ��� , Q�b  ≤ 5����	aQ���, Q�b + 50���	aQ�, Q�#�b 

+53 h���	aQ��� , Q�#�b +�� �	aQ�, Q�b i 
+ 5j3� lmm

mno���	aQ��� , Q�#�b + ���	aQ� , Q�bp�� �	aQ�, Q�#�b���	aQ��� , Q�b + ���	aQ�, Q�#�b qrr
rs
 

+ 5t2� ���	aQ��� , Q�b 

Then by using 4
th

 condition of partial b-metric space, we 

get ���	aQ�, Q�#�b ≤ 5��� �	aQ���, Q�b +50���	aQ�, Q�#�b 

+53 � �{���	aQ���, Q�b +�� �	aQ� , Q�#�b} −�� �	aQ�, Q�b + ���	aQ� , Q�b� 

+ 5j3� lmm
mno���	aQ���, Q�#�b + ���	aQ�, Q�bp�� �	aQ�, Q�#�b���	aQ���, Q�b + ���	aQ�, Q�b qrr

rs
 

+ 5t2� ���	aQ��� , Q�b �� �	aQ�, Q�#�b ≤ 5����	aQ���, Q�b + 50�� �	aQ�, Q�#�b 

+53 h ��� �	aQ���, Q�b+ ����	aQ�, Q�#�bi 
+ 5j3 ���	aQ�, Q�#�b 

+ 5t2� ���	aQ��� , Q�b 

���	aQ�, Q�#�b ≤ c5� + �53 + 5t2�d ���	aQ��� , Q�b + 

c50 + �53 + 5j3 d ���	aQ� , Q�#�b 

�1 − c50 + �53 + 5j3 d� ���	aQ�, Q�#�b ≤ 

c5� + �53 + 5t2�d ���	aQ��� , Q�b 

���	aQ�, Q�#�b ≤ c5� + �53 + Tw0{d�1 − c50 + �53 + Tv3 d� ���	aQ���, Q�b 

���	aQ�, Q�#�b ≤ y�� �	aQ��� , Q�b 

Where y = cTI#{T|#}w~� d���cT~#{T|#}v| d� < 1 

On the same way, we get  ���	aQ�, Q�#�b ≤ y��� �	�QC, Q��(1) 

Now,  

���	aQC, Q�#�b ≤ � ����	�QC, Q�� +�0���	�Q�, Q0� + ⋯+��#����	aQ�, Q�#�b� 
−���	�Q�, Q�� − ���	�Q0, Q0� − ⋯ −���	aQ�, Q�b 

 ���	aQC, Q�#�b
≤ � ��� �	�QC, Q�� +�0y�� �	�QC, Q�� + ⋯+��#�y����	�QC, Q���
−                                        � �� �	�Q� ,Q���

���  

                                                                               (2) 

Now, we show that �� �	�Q� , Q�� = 0 

Then, ���	�Q� , Q�� = KLMNOa[Q����Y�?��I�, [Q����Y�?��I�b                 ≤ 5����	aQ���, [Q����Y�?��I�b 
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+50���	aQ��� , [Q����Y�?��I�b 
+ 53 h���	aQ��� , [Q����Y�?��I�b +���	aQ���, [Q����Y�?��I�b i 

+ 5j3�
lmm
mmm
mn����	aQ���, [Q����Y�?��I�b +�� �	aQ���, [Q����Y�?��I�b �

�� �	aQ���, [Q����Y�?��I�b���	�Q���, Q���� +�� �	aQ���, [Q����Y�?��I�b qrr
rrr
rs
 

+ 5t2� ���	�Q���, Q����              ≤ 5����	�Q���, Q�� + 50���	�Q���, Q�� 
+53 h���	�Q���, Q�� +���	�Q���, Q�� i 

+ 5j3� lmm
mno�� �	�Q���, Q�� + ���	�Q��� , Q��p�� �	�Q���, Q�����	�Q���, Q���� + ���	�Q���, Q��qrr

rs
 

+ 5t2� ���	�Q���, Q����              ≤ �5� + 50 + 253����	�Q���, Q�� 
+ 5j3� lmm

mn o2���	�Q���, Q��p���	�Q��� , Q�����	�Q���, Q���� +���	�Q��� , Q�� qrr
rs
 

+ 5t2� ���	�Q���, Q���� 
Then by 1

st
 condition of partial b-metric space ���	�Q� , Q�� ≤ �5� + 50 + 253��� �	�Q��� , Q�� 

+ 5j3� lmm
mno2���	�Q���, Q��p���	�Q��� , Q�����	�Q���, Q�� +���	�Q��� , Q�� qrr

rs
 

+   5t2� ���	�Q���, Q�� 
 ≤ �5� + 50 + 253��� �	�Q���, Q�� 

+ 5j3� lmm
mno2���	�Q���, Q��p���	�Q��� , Q��2���	�Q���, Q�� qrr

rs
 

+   5t2� ���	�Q���, Q�� 
 ≤ �5� + 50 + 253��� �	�Q���, Q�� + 5j3� ���	�Q��� , Q�� 

+ 5t2� �� �	�Q���, Q�� 
≤ c5� + 50 + 253 + 5j3 + 5t2 d ���	�Q��� , Q�� ���	�Q� , Q�� ≤ ����	�Q���, Q�� ���	�Q� , Q�� ≤ �0���	�Q��0, Q���� 

and so on. ���	�Q� , Q�� ≤ ���� �	�QC, Q�� 

Where� = 5� + 50 + 253 + Tv3 + Tw0  

Then by taking limit ℎ → ∞, we get ���	�Q� , Q�� = 0 

Now, from (2) we get  

�� �	aQC, Q�#�b ≤ � ����	�QC, Q�� +�0y�� �	�QC, Q�� + ⋯ … … . +��#�y� ���	�QC, Q�� � 

 ���	aQC, Q�#�b ≤ ��1 − ��y���1 − �y �� �	�QC, Q�� 

���	aQC, Q�#�b ≤ �a1 − ��y��b1 − �y y�1 − �y�( < ( ⇒  Q�#� ∈ 'LM NO�QC, (�. Hence by induction Q� ∈'LMNO�QC, (� ��( 5�� � ∈ A. 
Now, we show that sequence {Q�} is a Cauchy 

sequence. 

So, equation (1) can be written as  ���	�Q�, Q�#�� ≤ y������	�QC, Q�� 

Let i and � be two positive integers, � < � ���	�Qu, Q�� ≤ ����	 � Qu, Qu#�� +�� �	�Qu#�, Q���− ���	�Qu#�, Qu#�� ���	�Qu, Q��  ≤ ��� �	�Qu, Qu#�� + �0�� �	�Qu#�, Qu#0� + ⋯ + ���u���	�Q���, Q�� ���	�Qu, Q�� ≤  �yu���	�QC, Q�� + �0yu#��� �	�QC, Q�� + ⋯ + ���uy������	�QC, Q��� ���	�Qu, Q�� ≤ �yu �1 + �y + �0y0 + ⋯ +���u��y��u�� � ���	�QC, Q�� 

���	�Qu, Q��    ≤ �yu1 − y� ���	�QC, Q�� 
∴  �� �	�Qu, Q�� ≤  �yu1 − y� ���	�QC, Q�� 

As ���	�Qu, Q�� → 0 56 �, � → ∞ 

Hence, sequence {Q�} is Cauchy sequence in Y. 

By completeness, there exist a point Q∗ which belongs 

to Y. 

Since, {Q�} converges to Q∗ as � → ∞ lim�→> ���	�Q� , Q∗� = ���	�Q∗,Q∗� =lim�→> ���	�Q� , Q�� = 0                                                                           

(3) 

 

Now, we show that Q∗ be the fixed point of T. ���	aQ∗, [Q∗�Y�?∗�b ≤ 

� h �� �	�Q∗,Q�#��+���	aQ�#�, [Q∗�Y�?∗�bi −���	�Q�#� , Q�#�� ���	aQ∗, [Q∗�Y�?∗�b ≤ ��� �	aQ∗, [Q��Y�?��b + �KLM NOa[Q��Y�?�� , [Q∗�Y�?∗�b ���	aQ∗, [Q∗�Y�?∗�b ≤ ����	aQ∗, [Q��Y�?� �b 
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+�

¡¢¢
¢¢¢
¢£
¢¢¢
¢¢¢
¤ 5����	aQ�, [Q��Y�?��b +50���	aQ∗ , [Q∗�Y�?∗�b +

53 h�� �	aQ�, [Q∗�Y�?∗�b + ���	aQ∗ , [Q��Y�?� �b i +

5j3�
lmm
mmm
mn ����	aQ� , [Q∗�Y�?∗�b +���	aQ∗ , [Q��Y�?� �b �

���	aQ∗, [Q∗�Y�?∗�b���	�Q�, Q∗� + ���	aQ∗, [Q∗�Y�?∗�b
qrr
rrr
rs

+
5t2� ���	�Q�, Q∗� ¥¢¢

¢¢¢
¢¦
¢¢¢
¢¢¢
§

 

 ���	aQ∗, [Q∗�Y�?∗�b ≤ ��� �	�Q∗, Q�#�� 

+�

¡¢
¢¢
¢£
¢¢
¢¢
¤ 5���	�Q�, Q�#�� +�� �	aQ∗, [Q∗�Y�?∗�b +

53 h���	aG�, [G∗�Y�g∗�b +���	�Q∗, Q�#�� i +
5j3� lmm

mno�� �	aQ�, \Q∗�Y�?∗�b + ���	�Q∗, Q�#��p���	aQ∗  , \Q∗�Y�?∗�b���	�Q�, Q∗� + ���	aQ∗, [Q∗�Y�?∗�b qrr
rs +

5t2� ���	�Q�, Q∗� ¥¢
¢¢
¢¦
¢¢
¢¢
§

 

���	aQ∗, [Q∗�Y�?∗�b ≤ ��� �	�Q∗, Q�#�� 

+�

¡¢
¢¢
¢£
¢¢
¢¢
¤ 5����	�Q∗, Q�#�� +50���	aQ∗ , [Q∗�Y�?∗�b +

53 h���	aQ∗, [Q∗�Y�?∗�b +�� �	�Q∗ , Q�#�� i +
5j3� lmm

mno���	aQ�, [Q∗�Y�?∗�b + ���	�Q∗ , Q∗�p�� �	aQ∗ , [Q∗�Y�?∗�b���	�Q�, Q∗� + ���	aQ∗, [Q∗�Y�?∗�b qrr
rs +

5t2� ���	�Q�, Q∗� ¥¢
¢¢
¢¦
¢¢
¢¢
§

 

 

 [as Q� → Q∗� ���	aQ∗, [Q∗�Y�?∗�b ≤ �� + �5� + �53����	�Q∗, Q�#�� + c�50 + �53 + 5j3 d ���	aQ∗, [Q∗�Y�?∗�b 

+ 5t2 �� �	�Q�, Q∗� 
By using eq. (3) and taking limit � → ∞, e� ¨�� ©1 − c�50 + �53 + 5j3 dª ���	aQ∗, [Q∗�Y�?∗�b ≤ 0 

So, we get  Q∗ ∈ [Q∗�Y�?∗� 
Hence, Q∗ be the fixed point of V. 

Example 2.1: Let � = -# ∪ {0} and ���	 = |(��′ −6���|, whenever (��′, 6��� ∈ � then ��, �� �	� be complete 

partial b-metric space with constant� > 1. Define a fuzzy 

mapping [: � → ]��� by  

[�(�′���_� = ¡£
¤ 0,              0 ≤ _ ≤ (���/41/2, (��′/4 < _ ≤ (���/31/4, (��� < _ ≤ (���/21,                (���/2 < _ ≤ 1

 
For all (��� ∈ �, �ℎ�(� ∃ W�(�′�� = 1 s.t. 

[(����Y�®IMM� = h0, (���4 i 
Consider (��� = 1 ∈ ^ and ( = 4, then 'LM NO�(���, (� =0,5�. 
Let 5� = �tC , 50 = �jC , 53 = �3C , 5j = �0C , 5t = ��C. Then KLMNOa[(����Y�®I MM�, [6����Y�¯IMM�b

≤ 150 °(��� − (���4 ° + 140 °6��� − 6���4 ° 
+ 130 lmm

mn°(��� − 6���4 ° +
°6��� − (���4 ° qrr

rs
 

+ 160�
lmm
mmm
n²³(��� − ¯IMMj ³ + ³6��� − ®I MMj ³´³6��� − ¯IMMj ³|(�′� − 6���| + ³6��� − ¯IMMj ³

qrr
rrr
s
 

+ 120� |(��� − 6���| 
Then by theorem 2.1 ���	�(���C,  [(���C!Ya®I MMxb ≤ y�1 − �y�( 

y = c5� + �53 + Tw0{d�1 − c50 + �53 + Tv3 d� < 1� 

then, all the conditions of theorem 2.1 is satisfied, ∃ 0 ∈ 'LMNO �(���C, (�. Then 0 is the fixed point of V. 

Theorem 2.2 Let (Y,���	� is complete partial b-metric 

space with constant� ≥ 1. Let [, `: � → ]���is fuzzy 

mapping and let GC is any arbitrary point in Y. Suppose 

there exists Wµ�G�, W¶�G� ∈ �0,1�  ∀ G ∈ � satisfying the 

following conditions: KLMNOa[G�Y·�g� , `7�Y¸�H�b ≤ 5��� �	aG, [G�Y·�g�b +50���	a7, `7�Y¸�H�b 

+ 53 h���	aG, `7�Y¸�H�b +���	a7, [G�Y·�g�b i 
+ 5j2� ���	�G, 7� 

and  �� �	aGC, [GC�Y·�gx�b ≤ y�1 − �y�( ∀ G, 7 ∈  'LM NO�GC, (� , (> 0 5B� �y < 1,  eℎ�(� , y = cTI#T~#0T|{#}v� d0��TI#T~#0T|{� .Also,5u ≥ 0, eℎ�(� � =1,2 … .4 e��ℎ �5� + 50��� + 1� + ��� + 1�253 + 5j <2 5B� 25� + 250 + 453 + 5j ≤ 2 eℎ�(� ∑ 5u < 1.ju��  Then, 

there exist G∗ in 'LMNO�GC, (� such that the common fixed 

point of V and W is G∗. 

Proof: Let GCis any arbitrary point in Y s.t.G� ∈[GC�Y·�gx�. Let a sequence {G¹} of points in X such that G0�#� ∈ [G0� �Y·�g~��, G0�#0 ∈ `G0�#��Y¸�g~�ºI�. 
First we show that G¹ ∈ 'LMNO�GC, (�  ∀B ∈  A �� �	�GC, G�� = ���	�GC, [GC�Y·�gx�� ≤ y�1 − �y�( < ( ⇒  G� ∈ 'LMNO�GC, (�. ��� G0, G3, … … G� ∈ 'LM NO�GC, (�, � ∈ A. 
If � = 2� + 2 eℎ�(� � = 0,1,2 … . . ���0 .    
Now, by using lemma 1.1 we get 
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�� �	�G0�#�, G0�#0�=                                KLMNOa[G0��Y·�g~��, `G0�#��Y¸�g~�ºI�b ≤ 5����	aG0� , [G0��Y·�g~��b +50���	aG0�#�, `G0�#��Y¸�g~�ºI�b 

+53 h���	aG0�, `G0�#��Y¸�g~�ºI�b +���	aG0�#�, [G0��Y·�g~��b i 
+ 5j2� �� �	�G0�, G0�#�� ≤ 5��� �	�G0�, G0�#�� + 50���	�G0�#�, G0�#0� 

+53 h���	�G0� , G0�#0� +���	�G0�#�, G0�#��i 
+ 5j2� �� �	�G0�, G0�#�� 

Then by using 4
th

 condition of partial b-metric space, we 

get ���	�G0�#�, G0�#0� ≤ 5����	�G0� , G0�#�� +50���	�G0�#� , G0�#0� 

+53 lmm
mn ����	�G0�, G0�#�� +�� �	�G0�#�, G0�#0�� −���	�G0�#� , G0�#�� +���	�G0�#�, G0�#�� qrr

rs
 

+ 5j2� �� �	�G0�, G0�#�� ���	�G0�#�, G0�#0� ≤ 5����	�G0� , G0�#�� +50���	�G0�#� , G0�#0� +53����	�G0�, G0�#�� 

                            +���	�G0�#� , G0�#0��  
                            + 

Tv0{ ���	�G0�, G0�#�� ���	�G0�#�, G0�#0� ≤ c5� + 53� + 5j2�d ���	�G0� , G0�#�� +�50 + 53�����	�G0�#� , G0�#0� 

(4)  

Also ���	�G0�#0, G0�#��  =                         KLMNOa[G0�#��Y·�g~�ºI�, `G0� �Y¸�g~��b 

 ≤ 5����	aG0�#�, [G0�#��Y·�g~�ºI�b +50���	aG0�, `G0��Y¸�g~��b 

+53 h���	aG0�#�, `G0��Y¸�g~��b +�� �	aG0� , [G0�#��Y¸�g~�ºI�b i 
 + 5j2� �� �	�G0�#�, G0�� 

 ���	�G0�#0, G0�#�� ≤ 5����	�G0�#�, G0�#0� +50���	�G0� , G0�#�� 

+53 h���	�G0�#� , G0�#�� +���	�G0� , G0�#0� i 
  + 5j2� ���	�G0�#�, G0� � ���	�G0�#0, G0�#�� ≤ 5����	�G0�#�, G0�#0� +50���	�G0� , G0�#�� 

+53 lmm
mn ���	�G0�#�, G0�#��+����	�G0�, G0�#�� +���	�G0�#�, G0�#0��−���	�G0�#�, G0�#�� qrr

rs
 

+ 5j2� �� �	�G0�#� , G0�� ���	�G0�#0, G0�#�� ≤ 5����	�G0�#�, G0�#0� 

+50���	�G0� , G0�#�� 
 +53����	�G0� ,G0�#�� +���	�G0�#�, G0�#0��  + 5j2� ���	�G0�#� , G0�� ���	�G0�#0 , G0�#�� ≤ �5� + 53���� �	�G0�#� , G0�#0� + c50 + 53� + Tv0{d ���	�G0� ,G0�#��                              (5) 

On adding equation (4) and (5), we get 2���	�G0�#0 , G0�#�� ≤ c5� + 53� + 5j2�d ���	�G0� , G0�#�� +�5� + 50 + 253�����	�G0�#�, G0�#0� 

                           +�50 + 53� + Tv0{� ���	�G0� , G0�#�� 2���	�G0�#0 , G0�#�� ≤ c5� + 53� + 5j2� + 50 + 53� + 5j2�d �� �	�G0� , G0�#�� +�5� + 50 + 253�����	�G0�#�, G0�#0� 2���	�G0�#0 , G0�#�� ≤ c5� + 50 + 253� + 5j� d ���	�G0� , G0�#�� +�5� + 50 + 253�� ���	�G0�#�, G0�#0� 2�� �	�G0�#0 , G0�#�� − �5� + 50253�� ���	�G0�#�, G0�#0� ≤ c5� + 50 + 253� + 5j� d ���	�G0� , G0�#�� +�5� + 50 + 253�� ���	�G0�#�, G0�#0�  �� �	�G0�#0 , G0�#��
≤ c5� + 50 + 253� + Tv{ d2 − �5� + 50 + 253�� �� �	�G0� , G0�#�� 

  (6) 

As, y = cTI#T~#0T|{#}v� d0��TI#T~#0T|{� < �{ 

Then by the equation (6), we get  ���	�G0�#�, G0�#0� ≤ y�� �	�G0� , G0�#��(7) 

 

On the same way, if � = 2� + 2 eℎ�(� � = 0,1,2 … . . ���0 .     ���	�G0�#0, G0�#3� ≤ y�� �	�G0�#�, G0�#0�            (8) 

then by eq. (7)  ���	�G0�#�, G0�#0� ≤ y0�#��� �	�GC, G�� 

                   (9) 

and by eq. (8) �� �	�G0�#0 , G0�#3� ≤ y0�#0 ���	�GC, G�� 
     (10) 

then by adding equation (9) and (10), we have  ���	aG�, G�#�b ≤ y����	�GC, G��  ∀ � ∈ A          (11) 

Now,  ���	aGC, G�#�b ≤ ����	�GC, G�� + �0���	�G�, G0� + ⋯ + ��#����	aG� , G�#�b� − �� �	�G0, G�� − ���	�G0, G0� − … − ���	aG�, G�b ���	aGC, G�#�b ≤ ����	�GC, G�� + �0y���	�GC, G�� + ⋯ + 

��#�y����	�GC, G��� − � ���	�G¯, G¯��
¯��  

Now, we show that �� �	�G¯, G¯� = 0 

Then, �� �	�G¯, G¯ � = KLMNOa[G¯���Y·�g»�I�, `G¯���Y¸�g»�I�b 
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              ≤ 5����	aG¯��, [G¯���Y·�g»�I�b+                50���	aG¯��, `G¯���Y¸�g»�I�b
+          53 h�� �	aG¯��, `G¯���Y¸�g»�I�b +���	aG¯�� , [G¯���Y·�g»�I�b i + 5j2� ���	�G¯��, G¯��� 

By using 1
st
 condition of partial b-metric ���	�G¯, G¯� ≤ 5��� �	�G¯��, G¯� + 50���	�G¯��, G¯� + 

53 h���	�G¯��, G¯� +���	�G¯��, G¯� i + 

5j2� ���	�G¯��, G¯� ���	�G¯, G¯� ≤ �5� + 50 + 253����	�G¯��, G¯� +                            5j2� ���	�G¯��, G¯� 
���	�G¯, G¯� ≤ c5� + 50 + 253 + 5j2 d ���	�G¯��, G¯� ���	�G¯, G¯� ≤ ����	�G¯��, G¯� 
and so on ���	�G¯, G¯� ≤ �¯���	�GC, G�� 

Where � = 25� + 250 + 453 + 5j 

Then by taking limit 6 → ∞, we get ���	�G¯, G¯� = 0 ���	aGC, G�#�b ≤ ����	�GC, G�� + �0y���	�GC, G�� + ⋯ … … . +��#�y����	�GC, G��� 
���	aGC, G�#�b = ��1 − ��y��#��1 − �y �� �	�GC, G�� 
���	aGC, G�#�b ≤ �a1 − ��y��#�b1 − �y y�1 − �y�( < ( ⇒  G�#� ∈ 'LMNO�GC, (�. Hence by induction G¹ ∈'LM NO�GC, (� ��( 5�� e ∈ A. 
Now, we show that sequence {G¹} is Cauchy 

sequence. 

So, equation (11) can be written as  ���	�G¹, G¹#�� ≤ y¹���	�GC, G�� 

Let i and w be two positive integers, � < e ���	�Gu, G¹� ≤ � ����	 � Gu, Gu#�� +�� �	�Gu#�, G¹�� −���	�Gu#�, Gu#�� ���	�Gu, G¹�  ≤ ����	�Gu, Gu#��� + �0���	�Gu#�, Gu#0 + … … … . . + �¹�u���	�G¹��, G¹� ���	�Gu, G¹� ≤  �yu���	�GC, G�� + �0yu#��� �	�GC, G�� + … … … … + �¹�uy¹�����	�GC, G��� 
���	�Gu, G¹� ≤ �yu � 1+�y + �0y0+ ⋯ …+�¹�u��y¹�u��� ���	�GC, G�� 
���	�Gu, G¹�    ≤ �yu1 − y� �� �	�GC, G�� 

∴  �� �	�Gu , G¹� ≤  �yu1 − y� ���	�GC, G�� 

As �� �	�Gu , G¹� → 0 56 �, e → ∞ 

 

Hence, the sequence {G¹} is Cauchy sequence in 'LM NO�GC, (�. 

By completeness of 'LM NO�GC, (�, there exist a point G∗ ∈ A. 

Since, {G¹} converges to G∗ as e → ∞ 

 lim¹→> ���	�G¹ , G∗� = �� �	�G∗, G∗� = lim¹→> ���	�G¹, G¹�= 0 

 

Now, we need to prove G∗ is the common fixed point 

of V and W. ���	aG∗, `G∗�Y¸�g∗�b ≤ � h ���	�G∗,G0¹#��+���	aG0¹#�, `G∗�Y¸�g∗�bi 
≤ ����	�G∗, G0¹#�� +KLMNOa[G0¹�Y·�g~¼�, `G∗�Y¸�g∗�b 

 

≤ �
lmm
mmm
mmn

���	�G∗, G0¹#�� +5��� �	aG0¹ , [G0¹�Y·�g~¼�b +50�� �	aG0�#�, `G∗ �Y¸�g∗�b +
53 h���	aG0¹, `G∗�Y¸�g∗�b +���	aG∗, [G0¹�Y·�g~¼�b i +5j2� ���	�G0¹, G∗� qrr

rrr
rrs
 

���	aG∗, `G∗�Y¸�g∗�b

≤ �
lm
mmm
mm
n �� �	�G∗, G0¹#�� +5����	�G0¹ , G0¹#�� +50���	aG0¹#�, `G∗�Y¸�g∗�b +
53 h���	aG0¹ , `G∗�Y¸�g∗�b +�� �	�G∗, G0¹#�� i +5j2� ���	�G0¹ , G∗� qr

rrr
rr
s
 

Then by taking e → ∞, we get 1 − ��50 + 53���� �	aG∗, `G∗�Y¸�g∗�b ≤ 0 

So, `G∗�Y¸�g∗� ∈ G∗ 

This implies that G∗ ∈ �is a fixed point of W. 

On same way we can prove that G∗ is the unique fixed 

point of V and W. 

III. CONCLUSIONS  

We have introduced the fuzzy mapping concept in 

partial b-metric space. Some fixed point theorems are 

proved to get the unique common fixed point. This 

result extends the result of Shoaib et al. [18]. 
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