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ABSTRACT: The electric vehicle driven by the permanent magnet synchronous motor system has been
considered as the best choice for numerous applications. To make electric vehicle a high performances
drive, effective control system is required. The linear and nonlinear H∞ controller’s strategies are designed
to improve robustness, tracking performances of the electric vehicle and disturbance rejection. For linear
systems, the H∞ controller is obtained by solving the algebraic Riccati equation. However, the nonlinear Hinfinity controller control problem requires the solution of the Hamilton-Jacobi-Isaacs (HJI) equation which is
a nonlinear partial differential equation that is generally difficult or impossible to solve, and may not have
global analytic solutions even in simple cases. The successive Galerkin Approximation (SGA) technique
provides an approximation to the solution of the Hamilton-Jacobi equations associated with the nonlinear HInfinity control theory that produces stabilizing, closed-loop control law with well-defined stability regions.
The simulations of Electric Vehicle responses for both nonlinear and linear H∞ controllers will be performed
and compared assure efficiency comportment in all type of constraints. It is found that the nonlinear H∞
controller has a similar performances and robustness than the linear controller. Despite all of the electric
vehicle nonlinearities the linearized approach work adequately, however, the full nonlinear approach proves
to be better for this application.
Keywords: Electric Vehicle, Hamilton-Jacobi-Isaacs equation, H-infinity robust control, Nonlinear, Successive
Galerkin Approximation.
Abbreviations: EV, electric vehicle; HJI, hamilton-jacobi-isaacs equation; H∞, H-infinity robust control; SGA,
successive galerkin approximation.
I. INTRODUCTION

the electric vehicle so that the latter responds more
quickly to the demands of the driver.
Furthermore, the dynamics of the Electric Vehicle driven
by the PMSM is inherently nonlinear due to inertial
coupling, aerodynamic effects, and the actuator
complex model. The controller designs is typically based
on linearized dynamics models, the nonlinearities of the
Electric Vehicle significantly affect the dynamic
response. Many control methods have been proposed
for Electric Vehicle autopilot design in the past. such as
classical control laws [1, 2, 5, 6, 7], and for more
advanced algorithms using for example fuzzy logic
control [5, 8, 9,10], nonlinear control [11,12], sliding
mode control [5,13, 14], back stepping control [15,16],
and H∞ control [17,18,19, 20, 21, 22, 23]. Unfortunately,
as yet, even though modern control theories, and postmodern control methodologies, have become very
sophisticated, there is no best solution for this problem.
Among the methods that have been investigated are
nonlinear robust control design approaches based on

By definition, an electric vehicle is a vehicle whose
propulsion is provided by an engine operating
exclusively with electrical energy [1, 2, 3]. The electric
vehicle is advanced by all players in the automotive
field, because it’s classified as one of the cleanest and
most environmentally friendly transport solutions.
Indeed, it could be an alternative to this alarming
pollution, especially since the road transport sector
emits more pollutants into the atmosphere than the
industry sector. However, despite the extensive
research on the power train and batteries, the electric
vehicle is still expensive and is subject to modification or
improvement [4].
With
the
progress
of
automatic,
computer,
telecommunications and miniaturization of instruments,
researchers are now able to develop driving assistance
systems that automate certain tasks in order to improve
safety by increasing the stability of the electric vehicle,
in which, the systems must act on the controllability of
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the solutions to the Hamilton-Jacobi-Isaacs (HJI)
equations, respectively. However solving these two
partial differential equations analytically is very difficult
and the quest for a reliable and accurate approximation
of its solution is an open problem. The Successive
Galerkin Approximation (SGA) method is used to
approximate the solution of the Hamilton-Jacobi-Isaacs
(HJI) equations, using a stabilizing feedback controller
was computed offline [24, 25].
In this paper, A Galerkin approximation to the nonlinear
H∞ problem is studied and compared with the results of
a linearized H∞ control for electric vehicle driven by the
PMSM. These control strategies are chosen for their
performance. It is well known that the solution of the
linear H∞ control problem depends upon by solving
algebraic Riccati equation [26, 27, 28]. For the nonlinear
H∞ controller requires the solution of the HamiltonJacobi-Bellman (HJB) equation [29-34]. This partial
differential equation is very difficult to solve, and the
quest for a reliable and accurate approximation of its
solution is an open problem. The Successive Galerkin
Approximation (SGA) is one such method of
approximation to accomplish the approximation of the
Hamilton-Jacobi-Bellman equations are first reduced to
an infinite sequence of linear partial differential
equations, named generalized Hamilton-Jacobi-Bellman
equations. Second, Galerkin's method is used to
approximate the solutions of these linear equations, and
the combination of these two steps yields a control
algorithm that converges to the optimal solution as the
order of the approximation and the number of iterations
goes to infinity [29, 30, 31].
After introduction section, the organization of this work
is as follows. In section II, the electric vehicle studied is
presented and modeled, so we give it a state space
representation. Section III describes the design of the
linear and nonlinear H∞ control, and the Galerkin
successive approximation method. In section IV we
analyze our design approach and its application to the
electric vehicle. In Section V, the designed controller is
implemented and numerically simulated, and the
performances are evaluated. Section 6 provides the
conclusions of this study.
II. PROBLEM DESCRIPTION
In this study, the Electric Vehicle model driven by the
permanent magnets synchronous motor is considered.
The single-motor configuration with a mechanical
transmission composed by a differential more gearing or
without gearing as shown in Fig. 1 [1].
A. Modeling of vehicle dynamics
The vehicle dynamic model can be determined by the
summation of all the forces applied on it, given by
Newton’s second law [1, 2, 6]. According to Fig. 2, the
total resistance force consists of rolling resistance,
aerodynamic resistance, and gravitational force. Hence,
the resultant force is the sum of all acting forces, and is
given by Fig. 2.

Oudjama et al.,

Fig. 1. The configuration of the EV.

Fig. 2. Forces applied on a vehicle.
The total resultant force is the sum of all acting forces,
and it is given by: F = Fg + Faero + Froll + M

dV
dt

(1)

• The gravitational force can be expressed as:

Fg = Mgsin (α )

(2)

• The aerodynamic resistance force is a function of
vehicle speed V, and it is expressed as:

Faero =

1
ρ A f CDV 2
2

(3)

• The rolling resistance force is primarily due to the
friction of the vehicle tires on the road and can be
expressed as:
Froll = M g fr cos (α )
(4)
The resultant force F will produce a counteractive
torque to the driving motor, which is governed by the
following relationship:

TL = F ×

r
G

(5)

The relation between the linear speed V of the EV and
the angular speed Ω mot of the motor is shown by:

V=

r
Ω mot
G

Where

(6)

r is the wheel radius, Ωmot

is the motor rotation

speed and TL the torque produced by the driving motor.
B. PMSM Model
The permanent magnet synchronous motor is defined in
the rotor dq reference frame can be described by the
following equations [38, 39]:
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did
R
1
= − id + PΩmot iq + ud
dt
L
L
diq
R
PΦ
1
Ωmot + uq
= − iq − PΩmot id +
dt
L
L
L
dΩmot 3PΦ
T
B
=
iq − Ωmot + L
2J
dt
J
J

uds and udc are the d -axis stabilizing and
compensating control terms, and uqs and uqc are the q
Where

(7)

R
PG
1
xɺ1 = − x1 +
x2 x3 + ud
L
r
L
R
PG
PΦG
1
xɺ2 = − x2 −
x1 x3 −
x3 + uq
L
r
Lr
L
BG
r
 3Pφ G

 2 x2 − r x3 − G

1 

xɺ3 =


r2
J v 
ρ A f CD x32  
 Mgsin (α ) + Mgf r cos (α ) +
2

2G

 
(8)
With : Jv =
Where

JG + mr
rG

2

LPG
x2 x3
r
LPG
udc = −
x2d x3d
r
uqc = −

are

(11)
(12)

Fig. 3 shows a schematic diagram of the proposed
linear and nonlinear H∞ controller.
Using (8) to (12), the vehicle dynamic model (8) can be
expressed as the following error dynamics

R
1
e1 + uds
L
L
R
PΦG
1
eɺ2 = − e2 −
e3 + uqs
L
Lr
L
 3Pφ G
ρ A f CD r 3 2 

e2 −
e3 − 
3
2


2
G
1


eɺ3 =
3
 
J v  BG ρ A f CD r
x3d  e3 
+


G3
 r
 
eɺ1 = −

x3
x2
x1
x3d

(13)

udc+

u
udsd

x is the state vector which takes the forms of

T
x =  x1 , x2 , x3  = id , iq , v 
which is given by ud and uq

T

;

u is the control input
uqc

To develop the nonlinear H∞ controller for the EV, first,
the nonlinear model of the EV in (8) needs to be
transformed to the appropriate error dynamics.
The speed error, the d–q axis current errors, and the
desired q-axis current can be defined as [41, 42]:
e1 = x1 − x1d e2 = x2 − x2d e3 = x3 − x3d
(9)

r 3 ρ A f CD 2
2Jv
2 BG
x2d =
xɺ3d +
x +
x
4 3d 3 Pφ Gr 3d
3Pφ G
3J v PφG

(10)

r

( Mgsin (α ) + Mgfr cos (α ) )
3J v Pφ G 2
Where x2d is the desired speed, e3 is the vehicle
speed error, e2 and e1, are the q-axis and d-axis
+

uqc

The compensating control terms udc and
defined as:

In Equation (7) , ud , uq and id , iq are stator voltages
and currents in the dq reference frame respectively; R
is the stator resistance, L is inductance in the dq
reference frame, P is the pole pairs, Φ is the
permanent magnet flux, J moment of inertia of the motor,
B is the viscous friction coefficient and TL is the load
torque [38, 39, 40].
So combing the model of PMSM and the vehicle
dynamic model, the overall dynamic model of the EV
system can be written as:

2

-axis stabilizing and compensating control terms,
respectively

current errors, respectively.
Next, the control signals

uds and uqs can be

decomposed into the following compensating and
stabilizing terms:
ud = uds + udc , uq = uqs + uqc
Oudjama et al.,

+
uqs

uq

Fig. 3. Schematic diagram of the proposed linear and
nonlinear H∞ controller.
III. H∞ CONTROL DESIGN
A. The linear H∞ controller
Let us consider the following affine
continuous-time dynamical system [29-34]:

nonlinear

xɺ = f ( x) + g ( x )u + k ( x )w
 h( x ) 
z=

 u 

(14)

where x ∈ ℜ n is the vector of the system’s state
variables, w ∈ ℜ q is the vector of exogenous inputs,
u ∈ ℜ m is the vector of control inputs and z ∈ ℜ s is the
vector of exogenous outputs which characterizes the
control objective. The mappings f ( x ) , g ( x ) , k ( x) and

h( x ) are assumed to be nonlinear smooth functions and,

International Journal on Emerging Technologies

12(1): 247-257(2021)

249

for simplicity, f (0) = h (0) = 0 .
The linearized model of the nonlinear continuous-time
dynamical system described in (14) is represented by:

 xɺ ( t ) = Ax ( t ) + B2u ( t ) + B1w ( t )

y = Cx ( t )


(15)

Where:

∂f ( x)
A=
∂x

x= 0

∂h( x)
, B1 = k (0) , B2 = g (0) , C =
∂x

x =0

there exists a controller if and only if a real, symmetric,
positive-definite matrix X satisfying the following Ricatti
equation exists [26, 27, 28, 29,30].:

(

B. The nonlinear H∞ controller
The nonlinear H∞ control problem aims to find a
controller u = u ( x, t ) such that the systems (14) is
stable and has L 2 − gain ≤ γ from the exogenous
inputs ω to the controlled output z [31, 32, 33, 34, 35,
36]:

∫0

2

z dt = γ
2

2 ∞

∫0

2

ω dt

(16)

2

The system that verifies (16) is also called a dissipative
system with the supply rate

1
s( z, ω) = γ 2 ω
2

2
2

−

1
z
2

2
2

the inner-loop updates the disturbance ω (i, j ) until it is
the best strategy for the maximizing player. Then, the
outer-loop updates the control, iteratively compute the
worst disturbance for the new control, until it is the best
strategy for the minimizing player.
Input : N a positive integer,

ε a small positive real number

)

XA + AT X + X B2 B2T − γ −2 B1B1T X + C1T C1 = 0

∞

The successive Galerkin approximation technique for
the Hamilton-Jacobi Isaacs (HJI) equation is developed
in [35, 36, 37]. The basic idea requires two nested
iterations in policy space corresponding to the min - max
problem associated with the nonlinear control is given in
Algorithm
We begin, with an initial stabilizing control law and then

(17)

Input : u (0) ( x) an initial stabilizing control law,
Ω stability region
Input : A1 , A2 (u (0) ( x)), b1 , b2 (u (0) ( x)),
∞

Input : Φ( x) the basis functions
set γ
set c

∂V
1
1 ∂V
( x ) f ( x ) + hT ( x ) h ( x ) −
( x)
∂x
2
2 ∂x
(18)

 ∂T V
1
T
T
( x) < 0
 g ( x ) g ( x) − 2 k ( x) k ( x) 
γ

 ∂x

H ( x) =

old
old
1, c 2

;

for i = 0 to ∞ do
set ω (i ,0) = 0
if i == 0 then

Equation (16) is interpreted as a minimization of the
ratio between the energy of the controlled output z and
the energy of the exogenous input ω .
Consider the nonlinear system of equation (14) and a
real parameter γ > 0 Suppose that exists a smooth
positive definite solution, V (x) > 0 , to the HJI inequality
given by equation (18),

∞

{G j } j =0 , {K j } j =0 , i = 0,...N

A(i ) = A1 + A2 (u (0) ( x))
b(i ) = b1 + b2 (u (0) ( x))
else
1
A(i ) = A1 - ∑ kN=1 ck(i -1, ∞) Gk
2
1
b (i ) = b1 - ∑ kN=1 ck(i -1,∞) Gk ck(i -1,∞ )
4
end
for j = 0 to ∞ do
if j == 0 then

Then, the closed-loop system with the feedback
expressed as:

else

1 T
∂V
g ( x)
( x)
2
∂x

u ( x) = −

A = A(i ) b = b(i )

(19)

is asymptotically stable at the origin and has locally
) less or equal to γ .
L 2 − gain (from w to
Moreover, the worst-case disturbance is given by
equation (20).

A(i ) = A1 -

z

w( x) =

1

γ

2

k T ( x)

∂V
( x)
∂x

(20)

Generally (18) is very difficult to solve, so an
approximate solution is considered. However, the
Galerkin's successive approximation (SGA) is one such
approximation method.
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b(i ) = b1 -

1
2γ
1

4γ

(i , j -1)

2

2

∑ kN=1 ck

(i, j -1)

∑ kN=1 ck

Gk

Gk ck(i , j -1)

end
Solve for V (i, j ) from : c(i , j ) = A−1b
if c (i, j ) - c

old
1

≤ ε then
+

j=∞
else
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c

old
1

= c(i, j )

end
end
if c (i ,∞) - c

old

2

≤ ε then

i=∞

1
L
1 
 
1
 

Bu =
, B = 1 , C = [1 0 1]
L w  
0 
 
0
 

else
old

c 2 = c (i ,∞)
Update the Disturbance :
w(i , j + 1) =

1
2γ 2

k T ( x )∇ΦT c(∞,∞)

end
Update the Control:
u (i + 1) =

then reduce γ and go back to step 3
IV. APPLICATION OF THE H∞ CONTROLLER
This section describes the applications of the linear H∞
and nonlinear H∞ controller to the nonlinear electric
vehicle driven by the permanent magnet synchronous
motor system given in Equation (8). The control
objective is to design an asymptotically stable controller
for an EV, and to make the EV speed and d-axis current
follow the reference signals. Fig. 4 shows the global
scheme of the proposed controller.
The design procedure in H∞ control requires a linear
model of the system. Therefore, the nonlinear Eq. 9 is
linearized using the Taylor’s series expansion around its
equilibrium point. The linearized error dynamics model
of the EV is obtained:

 xɺ ( t ) = Ax ( t ) + Bu u ( t ) + Bw w ( t )

y = Cx ( t )

Where x is the state vector which takes the forms of
T

T

x =  x1 , x2 , x3  = e1 , e2 , e3  ; u is the control input ; w
is the disturbance input of the system. The matrices
A, Bu , Bw and C of the state space model can be
described as follows

0
−

R
L

1 3Pφ G
e2
Jv 2
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x3d

Proposed

+ −
+ −

H∞
controller

ud

x1
x2

uq

x3

−

1 T
g 2 ( x )∇ΦT c (∞,∞)
2

end
If there is convergence of c,


 R
−
 L

A= 0


 0



+

x1d



0



PΦG
−

Lr

3

1  BG ρ A f C D r
−
+
x3d  
3
Jv  r

G



Fig. 4. Block diagram of overall EV driving system.
Solving the corresponding Riccati equation, the
following stabilizing state feedback control is obtained:

udsL ( x) = −0.9917x1 − 5.261110−6 x2 − 0.9999x3
uqsL ( x) = −5.261110−6 x1 − 4.299710−9 x2 − 9.335210−6 x3
In order to construct a nonlinear H∞ controller, The
successive Galerkin approximation technique for the
Hamilton-Jacobi Isaacs (HJI) equation was applied to
the electric vehicle driven by the permanent magnet
synchronous motor system, we used the following
initializing parameters: the stability region Ω , the basic
functions Φ ( x ) and an initial stabilizing H∞ control

u ( 0 ) ( x ) . In this paper, we used:
3

Ω = [1.2,1.2 ]

Φ ( x ) =  x12 , x 22 , x 32 , x1 x 2 , x1 x3 , x 2 x3 



u (0 ) ( x ) =  u ds 0 ( x ), u qs 0 ( x )  where

u ds 0 ( x ) = − 0.9917 x1 − 5 .261 110 − 6 x 2 − 0.9999 x 3

uqs 0 ( x ) = −5.261110−6 x1 − 4.299710 −9 x2 − 9.335210 −6 x3
After 20 iterations, the algorithm converges to

u ds NL ( x ) = − 0.9917 x1 − 3.974110 − 20 x 2 − 3.779610 − 17 x3

u qsNL ( x ) = −3.974110 −20 x1 − 3.759310 −5 x2 − 0.0589 x3
This is a nonlinear H∞ control law in feedback strategy
form. It is given in terms of the state variables
V. SIMULATIONS RESULTS
Simulations have been carried out to validate the
effectiveness and the performances of the nonlinear H∞
robust control compared to the linear H∞ robust control
applied to the described model of EV presented in Fig.
4. Several results are obtained under motoring of the EV
with nominal parameters given in Table 1 and Table 2.
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In Firstly case simulation, the vehicle speed starts from
zero to the chosen reference speed 80km/h. A good
tracking of the speed can be observed in Fig. 5. The
vehicle reaches the reference speed without overshoot.
Fig. 6 and Fig. 7 illustrated the behavior of the
equivalent stator currents Id and Iq respectively. The
stator quadrature current Iq reached 14, 24 A, at to the
steady-state. Whereas, it can be seen that d-axis
current Id is decoupled from motor torque and regulated
to tend toward zero at the settling time of the speed
response. The electromagnetic torque generated during
the simulation response is shown in Fig. 8, knowing that
it is directly proportional to the stator quadrature current
Iq.

(b)
Fig. 6. Id-axis current for Case 1.

(a)
(a)

(b)
Fig. 5. Vehicle linear speed for Case 1.

Fig. 7. Iq -axis current for Case 1.

(a)

(a)
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Fig. 8.

(b)
Electromagnetic torque for Case 1.

(b)
Fig. 9. Vehicle linear speed for the benchmark Case 2.

In the second simulation case, when the vehicle is
moving in straight line in a smooth way applying
acceleration and deceleration to the vehicle through the
accelerator pedal. During this variation, it’s clear that
the speed shows excellent tracking at the reference
speed with an insignificant error rate. For 0 ≤ t ≤ 60 s
the speed of electric vehicle increases from 0 km/h to
80 km/h, we notice a good tracking of the speed. see
Fig. 9. The Fig. 10 show a high electromagnetic torque
during the startup of the EV until the final value and
settle around 14.25 Nm, Fig. 12 and Fig. 13 illustrates
the variations of phase currents and voltages, in which
we notice high phase currents and voltages for moving
the vehicle from startup until the steady state. At this
time, the variations of phase currents and phase
voltages begin to increase and then stabilize at 157.14V
and 27.32 A. For 60 ≤ t ≤ 120 s the speed of the electric
vehicle is decreases from 80 km/h to 40km/h the
electromagnetic torque decrease also to 23.56 Nm. The
phase voltages and currents decrease to the new
values 78.11V and 15.82 A. The shape and the
magnitude of the electromagnetic torque the phase
currents of the motors and the phase voltages of the
motors depend on the reference speed.

(a)

Fig. 10.

(b)
Electromagnetic torque for the benchmark
Case 2.

(a)
(a)

Oudjama et al.,

International Journal on Emerging Technologies

12(1): 247-257(2021)

253

(b)
Fig. 11. id-axis currentfor the benchmark Case 2.
Fig. 13.

(a)

Fig. 12.

In Thirdly case simulation is performed with the
presence of a slope at t=40 s until t=100s. this test
shows the influence of the road slope on the vehicle
speed, moving on straight road with 10% slope. The
road slope does not affect the speed control of the
electric vehicle. According to Fig. 14, only a change of
the electromagnetic torque (Fig.15), phase currents
(Fig. 17) and phase voltages (Fig. 18) are noticed. The
motor develops more and more electromagnetic torque
to reach 106.59 Nm, the phase voltages and the phase
currents increase speedily to the maximal value 204.3A
and 223.5V respectively.

(a)

(b)
Phase currents of the motors for the
benchmark Case 2.

(a)

Oudjama et al.,

(b)
Phase voltages of the motors for the
benchmark Case 2.

Fig. 14.
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(a)

(a)

Fig. 15.

(b)
Electromagnetic torque for the benchmark
Case 3.

Fig. 17.

(b)
Phase currents of the motors for simulation
Case 3.

(a)
(a)

(b)
Fig. 16. id-axis current for simulation Case 3.
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Fig. 18.
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The objectives of the stabilization and tracking for
electric vehicle driven by the permanent magnet
synchronous motor system have been reached, the
system is first controlled to track a speed reference.
Next the disturbance rejection ability of the control
system is tested by applying acceleration and
deceleration of de speed reference and by the presence
of a slope. It can be observed that the EV returns to the
regulated state very quickly. In general, the speed
tracking control is not affected and shows a similar
performance using both nonlinear and linear H∞
controllers. As the figures show, the two methods
demonstrate nearly the same dynamic behavior with the
robust technique for the nonlinear and linear H∞ control
applied on nonlinear dynamical system.
The successive Galerkin approximations to the HJI
equations produce control algorithms that efficiently
regulate the nonlinear Electric Vehicle driven by the
PMSM. The performance of this algorithm is superior to
the performance of a linearized H∞ controller[19,20,21].
as well as a Fuzzy control, vector control and the Sliding
mode control [7].
VI. CONCLUSION
In this paper, a linear and nonlinear H∞ robust control
has been developed for speed tracking of electric
vehicle driven by the Permanent Magnet Synchronous
Motor with the objective to guarantees the robustness
propriety, disturbance rejection and ensure better
performance while trying to improve the dynamics of the
EV. For the linearized equivalent model of the electric
vehicle a linear H-infinity feedback controller was
designed. The computation of the controller’s feedback
gain required the solution of an algebraic Riccati
equation. Moreover, in order to construct a nonlinear H∞
control
approach,
the
Successive
Galerkin
Approximation
(SGA)
technique
provides
an
approximation to the solution of the Hamilton-Jacobi
equations is used to design the nonlinear H-infinity
controller, then, we apply the algorithm on the electric
vehicle driven by the permanent magnet synchronous
motor system. The simulations results show a similar
performance using both nonlinear and linear H∞
controllers. A good tracking of the vehicle speed and the
components Id is regulated using the field control, so, Id
is zero. ensure their capacity to maintain ideal
trajectories for speed control and ensure good
disturbances rejections with no overshoot, eliminates all
the unwanted disturbances in the system, and it
decreases the settling time, therefore, makes the
system faster and more accurate and stabile. It can be
concluded that the nonlinear and linear H∞ robust
control are a valid method for the control of electric
vehicle and give good performances.
VII. FUTURE SCOPE
Future research could be done to determine Nearly
optimal control laws for Electric Vehicle Driven by the
Permanent Magnet Synchronous Motor using a neural
network HJB approach.
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