0

AN International Journal on Emerging Technologies 14(1): 16-22(2023)

ISSN No. (Print): 0975-8364
ISSN No. (Online): 2249-3255

Fixed Point Theorems in Complete Metric Spaces for Weakly Compatible Mappings

Satyendra Ahirwar?, Arun Kumar Garg!” and Z.K. Ansari?
1Department of Mathematics, Madhyanchal University, Bhopal (Madhya Pradesh), India.
2Department of Mathematics, JSS academy of Technical, Noida (Uttar Pradesh), India.

(Corresponding author: Arun Kumar Garg’)
(Received 10 February 2023, Revised 25 March 2023, Accepted 03 April 2023)
(Published by Research Trend, Website: www.researchtrend.net)

ABSTRACT: Present paper, has two fixed point theorems in complete metric space. For proving theorems;
we use concept of weakly compatible mappings for four mappings using a property.
Mathematics Subject Classification (MSC): 47H10, 54H25s.

Keywords: Cauchy sequence, weakly compatible mapping, o property. Complete metric space.
I. INTRODUCTION

With the celebration of Banach’s fixed point theorem [1] in 1922, Researchers find a new direction to prove fixed point
in different metric spaces. Banach’s fixed point theorem define as ‘let (X ; d) be a complete metric space. If T
satisfies d(Tx; Ty) < kd(x; y) Vx; vy EX &0 <k < 1; then T has a unique fixed point in X. This
theorem has many applications, but suffers from one drawback; definition requires that T be continuous throughout X.
In 1962, Edelstein [2] established a hew concept of contractive mapping in place of contraction mapping. Contractive
mappings are more general than contraction mapping in 1968, R. Kannan [3] proved an important result which does
not require the continuity of T. In 1988, Gerald Jungck [4] proved a common fixed points for commuting and
compatible maps on compacta.in 1996, Gerald Jungck [5] proved Common fixed points for non-continuous non-self
maps on non-metric spaces, Jungck and B Rhoades,[6] Fixed points for set valued functions without continuity. There
then follows a flood of papers involving contractive definition that do not require the continuity of T. This result was
further generalized and extended in various ways by many authors. On the other hand Sessa [7] defined weak
commutativity and proved common fixed point theorem for weakly commuting mapping. Further Jungck also
introduced commutivity, the generalization of weakly compatibility, which is more general than that of weak
commutativity. Since then various fixed point theorems, for compatible mappings satisfying contractive type
conditions and assuming continuity of at least one of the mappings, have been obtained by many authors. It has been
known from the paper of Kannan [3] that there exists mapping that have a discontinuity in the domain but which have
fixed points, moreover, the mappings involved in every case were continuous at the fixed point. In 1998, Jungck and
Rhoades [6] introduced the notion of weakly compatible and showed that compatible mappings are weakly
compatible but converse need not be true. Suzuki, [8] proved new type of fixed point theorem in metric spaces.
Suzuki [9] also generalized banach contraction principal. Altun and Erduran [10], Doric and Lazovic [11] proved szuki
type fixed point theorems in complete metric space. Karapinar [12] wrote a remark on szuki type fixed point
theorems. Ciri'c and Ume [13] proved Some common fixed point theorems for weakly compatible mappings.Sessa
and Kaneko. Sessa and Kaneko [14] Proved Fixed point theorems for compatible multi valued and single valued
mapping. Ahmed, [15], Chugh and Kumar, [16], Sedghi, [17], popa [18] proved fixed point theorem for four weakly
compatible mappings.

II. PRELIMINARIES

In the present paper, we introduce a binary operation which is a modification of the definition of ordinary metric. We
give some properties about this operation metric and we prove two common fixed point theorems for four weakly
compatible maps in complete metric spaces satisfying a new general contractive type condition by assuming N is the

set of all natural numbers and R™ is the set of all positive real numbers.

Definition 2.1. A mapping T: X — X defined on metric space (X; d) is called contraction mapping if
d(Tx;Yy) <K.d(x;y)Vx;yEX&0< k<1

Definition2.2; A mapping T: X — X defined on metric space (X; d) is called contractive mapping if
d(Tx;Ty) <d(x; y)Vx;vyEX

Definition 2.3. Let ©:R* X Rt — R be a binary operation satisfying the following axioms:

(i) is associative and commutative,

(ii) is continuous.
Here are typical examples:

1.a¢b = aMax(a;b); 2.a¢b=a+b; 3.a¢b=ab+a+b;
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ab
4.3¢b=abh; 5. ab=———— V¥ab R’
Max(a; b; 1)
6. (a0b)¢c = @*Max(a;b; ¢) Va,b,c € R*
Definition 2.4. The binary operation is said to satisfy a-property if
there exists a positive real number a such that

a¢b = a Max(a; b)¥a,b € R*

Definition 2.5. (i) fa®bh = a + b ¥a, b € R™; then for
a=2 = a¢h =aMax(a;b)

ﬁ:bl] Va,b € R*: thenfora = 1 = a®b = a Max(a;b)

Definition 2.6. Let F & G be two self mappings for a complete metric space(X: d ). Then mappings are said to be
compatible if

lim d(FGx,;GFx,;t) =0 Vx €X

Tn—+co
whenever a sequence {xn} € X such that

lim Fx, = lim Gx, =x€X
n—oo n—oo

iy1f. ah =

Definition 2.7. Let F & G be two self mappings for a complete metric space(X; d ). Then mappings are said to be
non-compatible if there is at least one sequence {xn} € X such that
lim Fx, = lim Gx,, = x € X but lim d(FGx,;GFx,;t) # 0 foratleastonex >0

n—oo

n—oo n—oo
Definition 2.8. Let F & G be two self mappings for a complete metric space(X; d ). Then mappings are said to be

weak compatible if they commute at their point of coincident; that isFx = Gx = FGx = GFx.
Remark 2.9. Every pair of compatible self mappings F and G of a complete metric space

(X; d ) is weak compatible. But the converse is not true.
MAIN RESULTS

In present paper, we prove two fixed point theorems for four mappings
applying & property.
Theorem 3.1: Let (X; d) be a complete metric space such that < satisfies t- property with & = 0 and mappings
A;B; S; T € X satisfying the following conditions:
[11AX) € S(X) or B(x) < T(X);
[ii] the pair (A;S) or (B; T) are weakly compatible;
il Vv € XA 855 As; Ay; Ac> 0and 0 < Ay + A5 + A5+ Ay + A< 1
d(Ax;By) < A,.d(Sx; Ty) <d(Sx; Ty) + A,d(By; Ty)<¢ d(Ax; By)
+4;.d(Ax; Sx)<©d(Ax; Sx) + A,d(Ax; Sx)<d(Ax; By) +
Asd(By; Ty)< d(By; Ty) (3.11)
Then;A; B; S and T have a unique common fixed point in X.
Proof: Let Xy be an arbitrary point of X. therefore there exists two sequences {xn};{yn} € X such that
Yan = AXpp = SXpp4g andyonsr = BXopgy = Txopgpforn = 0; 1525 ..
Step 1: Now we assume sequence{yn} is a Cauchy sequence. If not; then using (3.11)
d(y¥2n; Yont1) = d(Axapn; Bxop )
= A;.d(Sx2n; TX2n41) ©d(Sx2n; TXons1) + A5d(Bxan41; TXon41) 9 d(Axn; Bxonyq)
+A3. d(Axgp; Sx2n) Cd(Axgy; SX5y) + Agd(Axgy; SXop) ©d(Axay; Bxopny )
+ A5d(Bxzpn+1; TXzn4+1) © d(BXan41; TXan41)
= d(¥zn; Y2n+1)
< 81.d(¥2n-1; ¥20) ©d(F2n-1; ¥2n)
+ 8,d(¥2n41; ¥2n) € A(¥ani Yans 1)
+43.d(Y2n; ¥2n-1) Cd¥an; Yan-1) + 2220 ¥an-1) € dFan; Yans1)
+ A5d(Y2n+1;¥20) € d(¥ans1;Y2n)
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Letting d,, = d(¥,; ¥ne1); we have
d2n = ﬂl(dZH—l Od2n—1) + ﬂZ(dZHOdZH) + ﬂS(dZH—lodZH—l) + ﬂei»(dZIl—lOdZn)
+ As(d2n©dan)
dop = Aq.adoyq + Asady, + A3 a.dyy oy + Ay max{dyy,q; day) + Asa.dsy, (3.12)
If dyp, = dap—1; then we have
dop = a(Ay + 45 + A3+ 4, + A)dy, < dyy
A contradiction. Hence dapyq = dyp = dy, = dy,—; ¥V n = 0;1; 2; ....Thus from inequality (3.12); we have
dy = a(Ay +A; + A3 + Ay +A5)dy,, = Ad,
Assuminga (A + A, + A; + Ay + Ag) = A< 1. By successive lterations; we have
d, =Ad, ; =A%d, , =A%d, 5 ....< A",
d, < A"dg = d(¥n;Ya+1) < A"d(yo;y1)
Now form; n € N where m > n; we have
d(¥n; Ym) < d(yn; ¥ar1) + dGn+1; Yns2) + AVns2i ¥nia) + 0+ dGm-1:¥m)
d(¥n; Ym) = ﬂndﬂ(Yo;}’l) + A d(ye; yy) + AM2d(yg; yy) + o AT TN d(yos ve)

A
d(yn; ym) = md(yg;yl) —0Dasn —

= Sequence {yn} £ X is a Cauchy sequence. For the completeness of X; {yn} converses toy € X such that
lim Ax,, = lim Bx,,4; = limSx,,, = lim Txyp45 =¥
n—co n—co n—co n—oo

Step2: Suppose T(x)C X; Then there exists u € X such that d(Tu;y) = 0. Assert d(Bu; y) = 0; If not; then
from (3.11);
d(Ax,,; Bu) = A,.d(Sx,,; Tu)<d(Sx,,; Tu) + A,d(Bu; Tu) ¢ d(Ax,,; Bu)
+ As. d(Ax,,; SXo, ) Cd(AX,,; SXop ) + Ayd(Ax,),; SX5,)€d(Sx,,; Bu)
+ A;d(Bu; Tu)< d(Bu; Tu)
Whenn — ©2; we have,
d(y; Bu) < Aya.Max {d(y;y);d(y; ¥) } + A, . Max {d(y; Bu);d(y; Bu)}
+4;.a.Max {d(y; y); d(y;y)} + Asa. Max {d(y; y); d(y; Bu)}
+ Asa. Max {d(Bu; y); d(By; y)}
d(y; Bu) < d(Bu; y)
= d(y; Bu) = 0 = Bu =y = Tu; Since B and T are weakly compatible= BTu = TBu = By = Ty.
Assert d(By;y) = 0; If not; then using (3.11)
&1_1}1{}3 d(Ax,,;Bu) < I{i_l}‘fc}a[ﬂld(Sxm; Tu) < d(Sx,,; Tu) + A,d(Bu; Tu) ¢ d(Ax,,; Bu)

A3d(Axzy; Sxan) Cd(Axgy; SXan) + A4d(Axgy; SXpp) ©d(Sxy; Bu)
+ A;d(Bu; Tu)< d(Bu; Tu)]
d(y; By) = 4,.d(y; Ty)¢d(y; Ty) + A,d(By; Ty) ¢ d(y; By) + 43.d(y;y) ¢d(y; y)
+A,d(y;y) ©d(y; By) + Asd(By; Ty)< d(By; Ty)
d(y; By) = A;a.Max {d(y; By); d(y; By)} + 4,a.Max {d(By; By); d(y; By)}
+ Az a. Max {d(y; y); d(y; )} + Asa. Max {d(y; y); d(y; By)}
+ Asa. Max {d(By; y); d(By; y)}
d(y; By) < d(y; By) = d(By;y) =0=>By =y =Ty (3.12)
Suppose S(x)C X; Then there exists v € X such that (Sv; y) = 0 . Assert d(Av; y) = 0; If not; using (3.11)
d(Av; By) < A,.d(Sv; Ty)<d(Sv; Ty) + A,d(By; Ty) © d(Av; By)
+A5.d(Av; Sv)<¢d(Av; Sv) + A,d(Av; Sv)<d(Sv; By) + A-d(By; Ty)< d(By; Ty)
Whennn — 02
d(Av;y) < Aja.Max {d(Sv;y); d(Sv;y)} + Aza. Max {d(y; y); d(Av; y)}
+A5. . Max {d(Av; Sv); d(Sv; y)} + A,a.Max {d(y; y); d(y; v)}
+ Asa. Max {d(y; y); d(y; ¥)} = d(Av; y) < d(Av;y)
= d(Av;y) =0 = Av=y =Sv; Since A and S are weakly compatible= ASv = SAv = Ay = Sy.
Assert d(Ay; y) = 0; if not; from (3.11); we have
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d(Ay; y) = d(Ay; By) = A,.d(Sy; Ty)<d(Sy; Ty) + A;d(By; Ty) © d(Ay; By)
+A3.d(Ay; Sy) ¢ d(Ay; Sy) + A,d(Ay; Sy)<d(Sy; By) + As;d(By; Ty)© d(By; Ty)

d(Ay;y) = Aja.Max {d(Ay;y); d(Ay;y) } + A,a. Max {d(y;y); d(Ay; y)} +
As.a. Max {d(Ay; Ay); d(Ay; Ay)} + Asa. Max {d(Ay; Ay); d(Ay;y)} +
Asa.Max {d(y;y); d(y; y)}

d(Ay; y) = Ay ad(Ay;y) + A, ad(Ay; y) + Ay ad(Ay; y)}

d(Ay;y) < d(Ay;y) = d(Ay;y) =0=> By =y =Ty (3.13)
Now from (3.12) and (3.13); Ay = By = Sy = Ty = y. Hence y is a common fixed point for
A:B;S; T.

Step3: for uniqueness; suppose z is another common point. From (2.11); we have
d(Ay; Bz) < A,.d(Sy; Tz)<d(Sy; Tz) + A,d(Bz; Tz) < d(Ay; Bz)
+43.d(Ay; Sy) ¢ d(Ay; Sy) + 4,d(Ay; Sy)<d(Ay; Bz)
+ A:d(Bz; Tz)< d(Bz; Tz)
d(y; z) < A,.d(y; 2)0d(y; z) + A,d(z; 2)<¢ d(y; z)
+43.d(y;y) 0d(y; y) + A,d(y; y) 0d(y; 2) + A5d(z;2) < d(z;2)
d(y;z) = 4,.d(y;2) + 4, d(y;2) +4,d(y;2) = d(y;2z) < d(y;z) 2y =1z
Hence y is a unique common fixed point forA; B; S & T.
Theorem 3.2: Let (X; d) be a complete metric space such that < satisfies a- property with & = 0 and mappings
A;B; S; T € X satisfying the following conditions:
N AX)CSX) or B(x)C T(X);
(1) the pair (A;S) or (B; T) are weakly compatible;
mvxyeX
d(Ax; By) < A, {(d(Ax; By) ©d(Ax; By)) ¢d(Sx; Ty)}
+4,{(d(Ax; By) ©d(Ax; Sx)) ©d(By; Ty)} + As{(d(Sx; Ty)©d(Sx; Ty) ) ©d(Ax; Ty)}
+4,{(d(Ax; Ty) ©d(Ax; Ty)) ©d(Sx; Ty) }
Where A; B; S and T have a common fixed pointin X; A; A,; A5; A,> 0 and
0 <a?(A; +A, +A; 4+ A,) < 1;A:B; S and T have a unique common fixed point in X
Proof: Let X3 be an arbitrary point of X. therefore there exists two sequences {xn};{yn} € X such that
Yan = AXpp = SXppyg andyopsr = BXopgy = Txopgpforn = 0; 1525 ..
Step 1: Now we assume sequence{yn} is a Cauchy sequence. If not; using (2.11)
d(¥2n; Yzn+1) = d(Axpp; Bxonyg)
= -'1‘-1{(‘31(443211; BXon+1) ©d(Ax,y; BXZn+1)) <& d(Sxan; szn+1)}
+0,{(d(A%zn; Bxons1) © d(Axop; Sxon) ) O d(Bxons1; Txons1) }
—l—ﬂ:;{(d(szH; TXon41) Cd(Sxap; TKzn+1))od(A32n; szn+1)}
+4,{(d(A%on; Txon41) © d(Axop; TXons1) ) O d(SKon; TXons1) )
d(Y2n; ¥ons1) = -‘1‘-1{(d(3’2n;3’2n+ 1)Od(}’2n;3’2n+1))od(3’2n—1; an)}
+4; {((d(.YZnFYZn+1))Od(.YZn} yZn)) Cd(yans1; an)}

+ A3 {(d¥an-1; Yan) ©d¥an-1; ¥2n)) €A ¥ 2n; Yon) }

+ 54{(51()’211} Yan) ©d(yan; an)) <d(yan-1; an)}
Lettingd,, = d(yy; ¥p21); we have
dan < A4 {((dan ©d2n))Odon1} + A2{(((dzn ©d2p))) O diy)

+ A5 {((d2n-1Cdn-1))Cdon} + 84{(dn ©d3y ) Odppn1}
don = 4. {(amax(dyp; dzp)) Odop_g} + Ax{(@max(dyy; dyy)) Odog}

+ A3 {((amax(dan—1;dapn—1)) ©day}

+ A {((amax(day; dan ) Odan 1}
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dan = Ay a{dyy Cdap—1} + Az0{dy, Cdyn} + Az afdyy -1 Odop} +

Ago{(dn<Cdan-1}

dan = A a?(max(doy; dan-1)) + Aza® (max(day; dap)) + Az a® (max(dan; dan-1))
+A 0 (max(d,y; dap_1)) (2.22)

Ifdy, = dyp—q; then

dop S a?(A; + 4, + A3+ A)dy, < dyy

A contradiction. Hence dz,, < dap—q; similarly dop 4y = dgy 2 dy, =dy 1 V0 =0;1;2; ...

Thus from inequality (2.22); we have

d, = a?(8; +A, + A5+ A)d,; =4A.d,,

Assuming a?(A; + A, + A; + Ay+) = A< 1. By successive iteration:

d, =Ad, ; =A%d, , =A%d, 5 ....< A",

d, < A", = d(y,; ¥pe1) = A%d(yg;v,) — 0 asn — o0 sinced< 1

Now form; n € N where m > n; we have

d(Yn:'Ym) = d(YniYn+1) + d(yn+1;yn+2) + d(yn+2}3"n+3) + e+ d(Ym—liYm)

A(Yn; ym) = ﬂndﬂ(Yo;}’l) + A" d(yg; yo) + AN 2d(ye; yy) + o FAM (Yo v1)

d(¥n; Ym) = 1_A

= Sequence {yn} £ X is a Cauchy sequence. For the completeness of X; {yn} converses toy € X such that

limy = lim Ax,, = lim Bx,,.; = limSx,,,; =lim Txy,,> =¥
n—oo n—oo n—oo n—oo n—oo

Step2: Suppose (x)C X ; Then there exists u € X such thatTu = y. Assert d(y; Bu) = 0; If not then from
(2.21):

d(Ax,,;Bu) < ﬂl{(d(Axm; Bu)Cd(Ax,y,; Bl1))0d(5x2n; Tu)}
—I—ﬂz{(d(szH; Bu) ¢d(Ax,,; SxZH)) <d(Bu; Tu)}
—I—ﬂg{(d(szn; Tu)Cd(Ax,y,; Tu)) Cd(Ax,y; Tu)}
+ﬂ4{(d(Ax2n; Tu)<d(Ax,,; Tu)) < d(Sx,p; Tu)}
lim d(Ax,,;Bu) < lim ﬂl{(d(AKZH;Bu)Od(szH;Bu))Od(SxZH; Tu)}
In—oo In—oo
+ lim ﬂz{(d(szn; Bu) ¢d(Ax,,; szn)) <d(Bu; Tu)}

n—oo
+ lim ﬂg{(d(szn; Tu) O d(Ax,,; Tu)) Od(Ax,y; Tu)}

n—oo
+ lim .*}.4{(d(Ax2n; Tu)Cd(Ax,,; Tu)) < d(Sx,p; Tu)}

n—oo
d(y; Bu) = A, a?.Max {d(y; Bu); d(y; Bu)} + A,a?.Max {d(y; Bu); d(y; Bu)}
+A5. o Max {d(y; Bu);d(y; Bu)} + A a?. Max {d(y; Bu); d(y; Bu)}
d(y; Bu) < o?(A, + A, + A; + A,).d(y; Bu)
d(y; Bu) < d(Bu;y)
= Bu =y = Tu; since B and T are weakly compatible= BTu = TBu = By = Ty. Assert
d(y; By) = 0; If not; then using (2.21)
d(Ax,,;Bu) = ﬂl{(d(AKZH; Bu) O d(Ax,,; Bu))Od(SxZH; Tu)}
—I—ﬂz{(d(szn; Tu)Cd(Ax,y,; SXZH)) <d(Bu; Tu)}
—l—.ﬁg{(d(szH; Tu)<d(Sx5p; Tu)) Od(Ax,y; Tu)}
+ﬂ4{(d(Ax2n; Tu)Cd(Ax,,; Tu)) <&d(Sxop; Tu)}
lim d(Ax,,;Bu) < lim ﬂl{(d(A;{zH;Bu)Od(szH;Bu))Od(szH; Tu)}
n—oo n—co

+ lim ﬂz{(d(AKZH; Tu) O d(Ax,y,; SKZH))Od(Bu; Tu)}
n—oo

+ lim 53{(d(5x2n; Tuw)<d(Sx,,; Tu))Od(szH; Tu)}

n—oo

+ lim ﬂ¢{(d(Ax2n; Tu) O d(Ax,y,; Tu))Od(szH; Tu)}
n—oo

d(y; By) < A,{(d(y; By) ©d(y; By) ) ¢d(y; By)}

d(ye;y1) = 0asn — oo
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+4,{(d(y; By)©d(y; y))©d(By; By)}
+4;(d(y; By) ©d(y; By) )< d(y; By) +4,{(d(y; By)©d(y; By) ) d(y; By) }
Since a®b = a. Max (a; b)
d(y; By) < A,{(«.d(y; By) ©d(y; By) )} + A,{(a.d(y; By) ©d(By; By) )}
+A3{(a.d(y; By)©d(y; By) )} + A,{(e. d(y; By)© (By; By) )}
d(y; By) < A;{(a.d(y; By) ©d(y; By))} + A,{(e.d(y; By) ©d(By; By))}
+A3{(a.d(y; By)©d(y; By) )} + A,{(e. d(y; By)© (By; By) )}
d(y; By) = a®(A; + 4, + A3 +4,) d(y; By)
d(y; By) = d(y; By) since 0 < a?. (A; + A, + A +A,) < 1
= By =y = Ty; since B and T are weakly compatible= BTy = TBy = By = Ty = y.
Suppose S(x)C X; Then there exists v € X; such that d(Sv; y) . Assert d(Av;y) = 0; if not; using (2.21)
d(Av; By) < A, {(d(Av; By) ©d(Av; By)) ¢ d(Sv; Ty)}
+ 4,{(d(Av; Ty) ©d(Av; Sv) ) ©d(By; Ty)}
+45{(d(Sv; Ty) ¢ d(Sv; Ty) ) ©d(Av; Ty)} +
A {(d(Av; Ty) ©d(Av; Ty) ) ¢ d(Sv; Ty)}
d(Av; By) = A, {a(d(Av; By)©d(Sv; Ty)) }A; {a(d(Av; Ty) ©d(By; Ty)) }
+Az{a(d(Av; Ty)Cd(Av; Ty))} + .*}.4{(a(d(Av; Ty)) <d(Sv; Ty))}
Since a¢b = aMax (a; b)
When 11 — ©9;
d(Ay; y) = A {a?d(Ay;y) A {a?d(Ay; )} + Az {c?d(Ay; y)} + Au{a*d(Ay;y)}
d(Ay; y) < a?(A;+4, + A; + +4,)d(Ay; y); since 0 < a?(A;+4A, + A5 + +4,)
<1

= Av =y = Sv; Since A and S are weakly compatible= ASv = SAv = Ay = Sy. Assertd(Ay; y) = 0; if
not; then from (2.21);

d(Ay; By) < A,{(d(Ay; By) ©d(Ay; By)) ¢d(Sy; Ty)}
+ 4,{(d(Ay; Ty)©d(Ay; Sv)) ©d(By; Ty) }
+A5{(d(Sy; Ty)©d(Sy; Ty)) ¢ d(Ay; Ty)} +
A,{(d(Ay; Ty) 0d(Ay; Ty) )< d(Sy; Ty)}
d(Av; y) = A {a(d(Ay; y) ©d(Ay; y))}A {a(d(Ay; y) ¢d(y; y))}
+As{a(d(Ay; ) ©d(Ay; )} + Af(a(d(Ay; ) ¢ d(Ay; y)}
Since a¢b = aMax (a; b)
When 1l — ©9;
d(Ay; ) = A {e?d(Ay;y)}+A{e?d(Ay; )} + Az {e?d(Ay; y)} + Au{a®d(Ay;y)])
d(Ay; y) < a?(A;+A, + A; + +4,) d(Ay; v); since 0 < a?(A;+4, + A; + +4,)
<1
d(Ay;y) < d(Ay;y) = By =y =Ty (2.14)
Now from (2.13) and (2.14); Ay = By = Sy = Ty = y. Hence y is a common fixed point for
JSSLtIeEIS:Sf!orT;niqueness; suppose z is another common point. From (2.11); we have
d(Ay; Bz) < A,{(d(Ay; Bz) ¢d(Ay; Bz)) ¢d(Sy; Tz)}
+4,{(d(Ay; Bz) ©d(Ay; Sy)) ©d(Bz; Tz) } + Az{(d(Sy; Tz)©d(Sy; Tz)) ¢ d(Ay; Tz)}
+4,{(d(Ay; Tz)©d(Ay; Tz)) ©d(Sy; Tz)}
d(y;z) < o«?(A,+ A, + A3 +A)d(y; 2)
=d(y;z) <d(y;z) =y =z

Hence y is a unique common fixed point for A; B; S & T.
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