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ABSTRACT: In this paper, we establish a fixed point theorem for multi-valued contractive mappings using
Banach contraction principle in the setting of complete fuzzy soft metric space. Our results are the
extensions of the result obtained by Sayed and Alahmari (Annals of Fuzzy Mathematics and Informatics,
15(1), pp. 73-87, 2018) to the case of complete fuzzy soft metric space. In order to validate our establish

theorems we also provide some examples.
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I. INTRODUCTION

The development of fuzzy mathematics started with a
presentation of the thought of fuzzy sets by Zadeh [25]
in 1965 as another approach to speak to unclearness in
regular day to day existence. The theory of soft sets
started by Molodstov [23], which help to solve problems
in all areas. After then, the properties and applications
on this theorem have been studied by many authors [8,
9, 11, 18, 19]. Maji et al, [17] initiated several
operations in soft sets and has also coined fuzzy soft
sets. Many interesting applications of soft set theory
have been expanded by embedding the ideas of fuzzy
sets [1, 2, 5, 7, 13, 17, 20]. In [3] Beaula et al., were
introduced a definition of the fuzzy soft metric space and
also give the concept of fuzzy soft open balls and fuzzy
soft closed balls.

The Banach contraction principle is certainly a classical
result of modern analysis. This principle has been
extended and generalized in different directions in
metric spaces [21]. In (1988), Grabiec [13] initiated the
study of the fixed point theory in fuzzy metric spaces. In
(2002), Gregori and sapena [14] introduced new kind of
contractive mappings in modified fuzzy metric spaces
and proved a fuzzy version of Banach contraction
principle [15, 21, 22, 24]. In this paper, we proved a
fixed point theorem for multi-valued contractive
mappings using Banach contraction principle in the
setting of complete fuzzy soft metric space.

Theorem 1.1.Let (X,d) be a complete fuzzy metric
space and let T: X - 2% be a multivalued map such that
Tx is a closed subset of X for allx € X.

Let J§ ={y € Tx:bd(x,y) < d(x,Tx)}, where b € (0,1).

If there exists a constant ¢ € (0,1) such that for any x €
X, there existsy € Ji satisfying

d(x,Ty) < cd(x,y)
Then T has a fixed point inX, i.e., there exists z €
Xsuch that zeTz provided c¢c<b and the
function d(x, Tx), x € X is lower semi-continuous.
Here we establish a Banach contraction fixed point
theorem for contractive mappings in complete fuzzy soft
metric spaces.

Il. PRELIMINARIES AND DEFINITIONS

In this section we first give some basic definitions
Definition 2.1 [12] Let (X,M,x) be a fuzzy metric
space.

1. A sequence {x,}in X is called a Cauchy sequence
if and only if lim, .M (x,4p,%,,t) = 1for each
p>0,t>0.

2. A sequence {x,}in X is converging to x in X if and
only iflim,_,. M (x,,x,t) = 1. A fuzzy metric space
(X, M,*) is said to be complete if and only if every
Cauchy sequence in X is convergent in X.

3. A fuzzy metric space in which every sequence has
a convergent subsequence is said to be compact.

Definition 2.2 [13] Let (X, M,*) be a fuzzy metric space.

Then, the mapping M is said to be continuous on

X X X x (0,) if

lim,_,. M (xnﬂ,,yn, t) =M(x,y,t)
When {(x,, yn, t,)} is a sequence in X X X x (0, ) which
converges to a point (x,y,t) € X x X x (0,»),i.e.,
lim,_,. M (xnﬂ,,xn, t) =lim,_.M (yn+p,yn,t)
=1and lim,_. M (x,y,t,)
= M(x,y,t).
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Definition 2.3 [16] Let CB(X) denote the set of all
nonempty closed bounded subsets of X. Then for every
A,B,CECB(X)andt >0,
My(A,B,t) = min {min,c,M"(a, B, t), miny,cz MY (4, b, t)}
Where MY(C,y,t) = max{M(z,y,t):z € C}.
Now, here we define fuzzy soft metric space by using
soft points by the help of soft t-norm % and give some
properties of soft t-norms and fuzzy soft metric spaces.
Let X be a non-empty set and E be the nonempty set of
parameters. Let X be an absolute soft set, SP(X) be the
collection of all soft points of X and R(E*) denote the set
of all non-negative soft real numbers. Soft real numbers
in the[0,1] and (0,«) are indicated by
[0,1](E) and (0, =) (E) respectively.
Definition 2.4 [17] A soft fuzzy set S in X is a set of
ordered pairs:

S = {(%us(%)):%; € X, e € E},
where pug: X - [0,1](E)is called the soft membership
function and u,(x,) is grade of soft membership of ()
in S.
Definition 2.5 [18] Let #%[0,1](E)x [0,1](E) —»
[0,1] (E).#is called continuous soft t-norm if % satisfying
the following conditions:
(i). ¥ is commutative and associativite;
(ii). # is continuous;
(ii). %1 =a, va € [0,1](E).
(iv). @%b € ¢ % d, whenever
d<¢andb<dandd,b,éd €[0,1] (E).
Definition 2.6 [3] A mapping d:FSC(F;) x FSC(F;) —
R(A)* is said to be a fuzzy soft metric on FE if d
satisfies the following conditions.

Q Q
-x-

(FSMy)d(Fj1,Fy2) = 0VF 1, Fz € FSM(F).
(FSMZ)d(f;1, }) = 0 ifand only if F“;/l = P}
(FSM3)d(F 1, Fy2) = d(Fy1, Fy2) VE 1, F e € FSM(F)
(FSM,)d(Fg1, Fyg2) =

Ay, ) + AP P ¥ P, P € FSMFG)
Definition 2.7:[3] Let (F;,d,%) be a fuzzy soft metric
space and H;, be a fuzzy soft subspace of F, then
distance between a fuzzy soft point 13:;, and A is defined
by

d( HG) = sup{ (e G)ever'y fuzzy soft poth in HG}

Definition 2. 8: [4] A fuzzy soft metric space (F;,d,%) is
said to be complete, if every Cauchy sequence in F;
converges to some fuzzy soft point of Fy.

Definition 2.9:[3] Let (£,d)and (E,5) be two fuzzy
soft metric spaces. Then the mappings ¢, =
(o, 9: (E,d) - (E,p) is called a fuzzy soft mapping, if
@:E > E andy:E - E' are two mappings.

Definition 2.10:[1] Let A< E. A pair (F,A) is called a
soft set over (X, E), if F is a mapping F: A - P(X).

lll. MAIN RESULTS

Fixed point theorems for multivalued contractive
mappings in fuzzy soft metric space
Let (F;, d,¥) be a complete fuzzy soft metric space and

let T: F; — G(F;) be a multivalued mapping, we define a
mapping h:F; — 2f\(0} as h(F;) = (F;, T(Fz)) for
be(01] we define a set 7 eF, as/®={F9 ¢
1(F):b[a (e, #9) + a (r(F).1 (F)) <
(1)

Theorem 3.1: Let (F;,d, %) be a complete fuzzy soft

metric space and let T:F, — G(F;) be a multivalued
mapping. If there exists a constant k € (0,1) such that

for any F, € F, there exists F9' € ]55 satisfying
d (EZT(EZ)) < k[ (Fs F9) + d (T(F), T(F9))
+d (T (EZ’),T(E))], 1)

where,

2 ={F9 e T(F):b [d (Fo, F9 ) +d (T (F9), T(Fp)] <
d(ﬁ’,T(ﬁ’))}. Then This is a fixed point in F,
provided k<b and his sequentially lower semi
continuous.

Proof: ForF; € F;, T(F;) € G(F;). For any constant
b € (0,1)];° is nonempty.

— _  — 3
For F9 € F;, 3 FY €], such that
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For FY € Fg,3 F/ E]Ifi,satisfying

d(F, T(ED) < kld (FY, B)) +d(F7, 7 (EF)
+d(r (F7), Ef)

Continuing this process, we can find a sequence
{F7} < F; such that 7, € J;
and

d (Ff+1,T (Fnﬂ)) <k|a (k7. FZ,)

+d(F2,1(E5D) +a (). EZ)|.
n=01234 ...

Now we will show {13,?} Cauchy sequence in F;. On the
one hand,
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a(E%,. 1 (FT,)) < k|d (F.ET, ) + o (R2.7 (RZ,))
+a(r (F7),E9)).
n=0,1234,........

and from the other hand
Fl el =bp [d (Fg Ff+1) + d( (F ) T(Ff+1))]
<o (R (7).

n=0,1234,........

By the above inequalities we have

A(FTR) + (LT ) < 5 (L),

n=01234 ..o ...
g
d<Fn+1’T )
k
E(F" T )
n=01234% ..

Hence, easy to prove,

d(F,ES,) +d (T (IEE)Z(F{;))

7.
n=0,1234,........

a(F1 (7)) < cra(RL7),
n=0,1234,........

k
where C = 5
For m,n € G,m >n we have

d(F2,ED) < d (R, FS, ) +d(F, F?

n+1’ n+2)
+d(FI_,FJ)
S(C"+C™ 4 et C ) A(ES, ED)

n

I _
< I_Cd(Fog,Flg)

Where C =§, since k<b=C"—>0asn— = ﬂ{ﬁ;‘?}
is a Cauchy sequence, follows from the completeness of
F;,3F; € F; such that lim,,_,.. F? = F;.

Now we will show that F; is a fixed point of T, i.e.
F; €T(F;). Since {13,?} is a Cauchy sequence

converging to F; and {h(ﬁf)} ={d (IEE,T(IT“E’)} is
decreasing, therefore, converges to0. h Being lower
semi-continuous, therefore, we have

0<h(F;) <limyszh(F9) = 0= h(F;) =0. Also by
closeness of T(F;) = F; € T(F;)

Hence the result.

Corollary 3.2: Let (F;,d,*) be a complete fuzzy soft
metric space, T:F, — k(F;) be a contractive mapping.
If there exists a constant k € (0,1) such that for any
F, €F;F9 €7,

d(Fg 7 (Fo )) kid (F,Fo),

Then T has a fixed point in F; provided f is lower semi-
continuous.
Example 3.3: Let U be a non-empty finite subset of
parameters and (Fg,d,%) be a fuzzy soft metric space.
The mapping T: F; - G(F;) xR =1

T (i1, 7,t) = min M, (@i(e), ¥ (e), t(e))
Is a fuzzy metric on G (Fy).

Example 3.4: Let X ={3,9,......... 3"} U M(xq,x5,t) =
[x; — x5|, for x;,x, € X; then X is a complete fuzzy soft
metric space. We define a mapping T: F; — G(F;) as
3"1}, x=3%n=0,1,23,...
TG =

{0,33, x=0.
Hence T is continuous.

IV. CONCLUSION

In this paper, we have presented a new fixed point
theorem for multi-valued contractive mappings using
Banach contraction principle in the setting of complete
fuzzy soft metric space, which improve and extends the
results due to Sayed and Alahmari [24].

V. FUTURE SCOPE

Fixed point for contractive mapping in Fuzzy soft metric
space is an interesting concept. There is scope to
examine the applicability of this space in different
branches to study.
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