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ABSTRACT: Many researchers have been fascinated by various iterative processes to calculate the rate of
convergence for self mappings, but only a few researchers have introduced iterative processes for non self
mappings to check the rate of convergence. This paper is based on non-self mapping and is an extension of
the result of Yuanheng Shi and Huimin Shi (Abstract and Applied Science, J, 2014) from two mappings to four
mappings with help of CUIA iteration. Here, we also improve existing results on non-self-mappings.
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l. INTRODUCTION

lterative method is a method in which we repeat the
iteration again and again to find the solution of the
equation G(t) = t. In the iterative fixed point procedure,
the output varies like some of results are completely
significant while the others are not. Many researches
worked on different types of iterations with different
types of mappings to find the rate of convergence. Mann
[2] introduced new iterative method to find the solution
of a fixed point equation for non-expansive mapping
where as Picard’s iterative method [1] failed to find the
solution of fixed point equation for non —expansive
mapping. Later, Ishikawa [4] introduced new iterative
method for obtaining the convergence of a Lipschitzian
pseudo-contractive operator while Mann’s iterative
method fails to apply on this mapping. Many authors
[11-17] worked on pseudo contractive operators to find
the convergence rate while some authors failed to find
the convergence rate of pseudo contractive operators.
Chaudhary [6], [10] worked on Hilbert space with help of
Mann iteration to find the convergence rate of fixed
point. There are many iterative schemes which are used
to estimate the fixed point. The most important iterations
are Mann iteration, Ishikawa iteration, Noor iteration,
CUIA iteration. These iterative schemes also applicable
in Physics, coding theory, statistical physics etc. In
1890, Picard [1] worked on iterative process for finding
the fixed point and proved some convergence results by
defining the iteration as follow:

in+1 = G(in)
In 1953, Mann [2] gave the iteration as follow:

in+1 = (1 - En)in + EnG(in)

where {¢,} be a positive real numbers sequence in [0,
1]. In 1955, Krasnoselski [3] improved the Mann iteration
by introducing a constant ‘%’ instead of the sequence

e,and defined modified Krasnoselski iteration as:
ln+1 = (1 - )l')ln + 1 G(ln)

Where % lies in closed interval [0, 1]. In 1978, Ishikawa

[4] defined new iteration for finding the fixed point and
define by:

in+1 = (1 - En)in + EnG(in)
jn = (1 - (n)in + (nG(jn)

where {e,} and {(,} are the positive real numbers
sequence in [0, 1). After this, in 2000, Noor [7] gave
their iterative process with help of Mann, Agarwal, and
Thianwan by defining:

ln+1 = (1 - En)in + EnG(in)

jn = (1 - (n)in + (nG(kn)

kn = (1 - r]n)in + r]nG(in)
where {€,}, {¢,}, {n.} are positive real numbers sequence
in[0,1)
In 2012, CR [18] introduced new iterative process for
finding the fixed point defining by

in+1 = (1 - En)jn + EnG(kn)

jn = (1 - (n)G(]n) + (nG(kn)
kn = (1 - r]n)in + r]nG(in)
where {e,}, {¢,}, {n,} are positive real numbers

sequence in [0, 1). In 2017, Chauhan et al, [22] did
some changes and established a new iteration by
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L, = 0l(1— &}
00" G4(QG)™ iy]

int1 = (1 = €)jn + €,G(ky)
Jn= 1A= 8)G(1n) + 3G (ky)
kyp = (1 =1)G(in) + 1 G(Ln)
ly = (1= 6,)iy + 0,G(i)

where{e,.}, {¢,,},{n.} and {6,,} are positive real numbers
sequence in [0, 1). Atsushib [5] worked on
asymptotically non-expansive mapping with help of
Mann iteration. Zegeye [8] and Berinde [9] worked on
pseudo contractive operators to find the convergence
rate with help of Ishikawa iteration and other iterative
method respectively. Daman and Zegeye [19] and Tufa,
Zegeye [21] worked on Pseudo-contractive non-self
mapping to find the strong convergence rate. Yuanheng
W and HuiminS[20] worked on asymptotically pseudo
contractive mapping and modified the Ishikawa iteration
and find the rate of convergence of fixed point.
Modified Ishikawa iteration:
ln+1 = Q[(l —€n— r]n)in
+ EnGl(QGl)n_l[(l - (n)jn
+ (nGl (QGl)n_l .n] + r]n:un]
Jn= Q[(l - ET,'L - r];t)in
+€,G2(QG)" (1 = iy
+ 1G5 (QG)" Min] + v
where,

{en}, {n}- I}, (€13, {31), (3} lie in [0,1] and the {u,}, {v,,}
are the bounded sequence of B. In this paper, we have
modified CUIA iteration with help of retract map and
used it for asymptotically pseudo contractive mapping
which is as follow:

in+1 = Q[(l —€n— r]n)jn
+ EnGl(QGl)n_l[(l - (n)jn
+ (nGl (QTl)n_ljn] + r]an]

Jn =Q[(1 = €, —np)G2(QG)" M,
+ EAGZ(QGz)n_l[(l =k,
+ $nG2(QG)" ey ] + M)

kn = Q[(1 — & —m)Gs(QG)" iy
+ a;{G3(QG3)"_1[(1 =&
+ 87 G3(QG3)" ] + 07Ty

— ¥ Din + €3G (QG)" (A = §)in +
+ 1 0p] (1)

where
{€nd {n I} Aend A} I3 {en L {8 ) I b en 148 3 {n
are the sequence of positive real numbers lie in [0,1]
and the sequences {y,}, {v,},{t,},{o,} € B
If G, = G, = G; = G, = GandQ = I identical mapping and
Mp =Nn =Mn =Ny’ =0and also §, ={, =¢' =" =0
then (1) will be modified general CUIA iteration with
iterative sequence:
ln+1 = (1 - En)jn + EnGn(jn)
Jn= (1 - (n)G(ln) + (nGn(kn)

kn = (1 - r]n)G(in) + r]nGn(ln)

ln = (1 - Bn)in + BnGn(in)
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Definition 1.1 [20] Let B be non — empty set closed
convex subset of K and let Q: K - B be non-expansive
mapping then vy € B Q(t) =t then the mapping Q is
said to be non-expansive retract map.

Definition 1.2 [20] Let K is a real Banach space with
norm ||.]| and B is a non-empty subset of K. let
G:B—Kbe a non-self mapping then it will be uniformly -
Lipschtiz with retract map (Q) if 3 H > 0 such that

16(QGY*1() — GRG)" DI < Hlli —jllvi,j € B
Definition 1.3 [20] Let us take an real Banach space K
and let B be non-empty closed convex subset of K and
let U:K - 2X"be a mapping and this mapping is said to
be normalized duality mapping if it is defined by: U(i) =
{im e Ky = el IL el = ik i € K 2

Definition 1.4 [20] Let G: B — K be a non-self mapping
and let 3 a sequence g, c [1,) which satisfied the
condition ¢, » 1las n—»o and u(i—j) € U(i—j)such
that

G = G"DIul =) < gulli = jII?

Lemma 1.1 [20]: Let K be a real Banach space, then it
satisfied following inequality:

Vi,j €B

i+ jlIZ < Nill* + 2(ilui + D)Vi,j € K
and u(i + e U@l + j)

Lemma 1.2 [20]: Let 3 three sequences {m,}, {n, },{0,}

of non-negative numbers and let it satisfied the following
condition:

Mpt1 < (1 + nn)mn + On Vp = Po
wherep, is an non-negative integer.
o and Yo, 0, <
then lim m,, will exist.

Lemma 1.3 [20]: Let 3 a function ¢:[0,+0)—[0,0) be a
strictly increasing function with satisfy ¢(0) = 0 let there
are four sequence {m,},{n,}{o,}, and {A,} lie
in(0<A,<1) satisfy the inequality:-

It R, ny, <

mn+1S(1+nn)mn')\nq)(mn+1)+0n Vnzn,

and If ¥ in,<co, ¥ ;0,<oco and };_;A,<co hold,
then lim,,_,,, m,=0

Lemma 1.4 [20]

Let 3 a strictly increasing function :[0,4-00)—[0,00) with

satisfy @(0)=0 let there are five sequence
{m,},{n,},{o,}.{e,}and {2} lie in(0<A,<1) satisfy the
inequality:

mn+15(1+nn)mn' nq)(mn+1)+0n+7\n£n Vnzn,

and if Yplin,<oo, ¥ ;0,<oc0 and )7 ;A,=c0 hold,
then lim,_,,, m,=0 and lim,_,, &, =0
The motive of this paper is to use the modified mixed
CUIA iteration for asymptotically pseudo contractive
mapping to prove the strong convergence result for
common fixed point of four mappings.
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Il. MAIN RESULTS

In this section, one fixed point theorem related to four
mappings has been proved.

2.1 Theorem: Let B be a non-expansive retract mapping
(with Q) of a real Banach space K. let us assume that3
four uniformly H-Lipschitzian non-self mappings (with Q)
G,,G,,G3,G,:B— Kand let G; is an asymptotically
pseudo-contractive mapping with co-efficient numbers
{g.} c[1,00):q, » 1 satisfying S =S5(G,)NS(G)N
S(G3)NS(G,) # @ let us assume that there are four
bounded sequences {y,},{v.}.{t,},{o,} =€ C and let
there are twelve sequences

{€n}, {Gn} (i}, {en} (00}, b en 3, (G (3 e 3G S Iny '} ©

[0,1] satisfying the following condition:

1) Xiiien =+, X0 6q <+, 57 €0(qn —
1) < 4+
2) e+t <le,+n,<1le +n, <1,€'+
nh” S LYoy <
3) Xiz1€nln < 400, Xilq €n€n < 00, Mg €nlly <
+oo
Let i; € B be an arbitrary number then the iterative
sequence {i,} defined by (1) will be strongly converge at
a fixed point i*eS iff 3 a strictly increasing

function ¢: [0, +0) — [0, +) with ¢ (0) = 0 such that

limp_,c Supmfu(ln+1 i )EU(ln+1 9 [(G1(QG)™ Vipgy = U ulipyy — 1) = n ”G3(QG3)” i (1 -

Gullines = 112 + @(llings — °ID] < 0 @)

Proof: Let i* is fixed point of Sand let it satisfied the
condition:

Let

& =

Nfu,, iUy, —i) [(G1(QG)" Mgy — FF|u(ingg — %)) —

Gnllines = 117 + @(llinss — il
and let &, = max{s;, 0} +% (4)
and
let Elu(inﬂ —i*) € U(ipsq — ") such that it satisfied
<61(QGI) n+1 i*|u(in+1 - i*)) - qn”in+1 - i*HZ +
Pllins1 — Ul < &
then Eqn. (3) will be
limsupe, <0
From Eqgn. (4)
lime, =0

From Eqn. (1) let
Op = (1 - (n)jn + (nGl(QTl)n_ljn (6)
8 = (1= Ckn + 37G2(QG)" ky 7)
pn =1 =Dl + 8/ G3(QG3) M, (8)

n = (1= in+ 8" Go(QGI" My 9)
and

let N = max,>1 (I — "Il llve = I, 7 = &7, llon — &7l

(10)
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Firstly, we find the value of ||x, — i*||
So,
ln — Il = 111 = &y +€”’G4(QG4)"‘11' =il
—II(l—Z”’)l +€”’G4(QG4)" by =0 = G0+ Gl
< GG (QG)™ iy — i |I+(1— ”’)IIl =il
by deflnltlon(1 2)
< G Hlliy — UL+ i — il

llpn — Il < (L + & D)li — 0l
Now, we will find the value of ||, — i]|
So,

L, — Il = Q1 —

(11)

III — n;{,)l
b €606 - ¢y
+ 0G4 (QG)" i + 17" 0] — 17l
From Eqn (9 ) and definition(1.1)

= L= e =07l + €3/ Gy QG pty + "0 =
L= €= i+ e G QG g + 1 1

11T

n i+,

nr: *_

+a,” *_

nr; *”

<6”’|IG4(QG4)"‘1/1 - |I+(1—6”’ ”’)IIl -+
1’ llo, — i*|| by (10) and definition (1.2)
< ey Hllpn — Il + iy — Il + 15 'N (12)

Now put value of Egn. (11) in (12),we get
S € HA+ G W)l — |l + llin — Il + 1" N
< (L+e'H+ €6 HO)llin — i*[| + 13N

1L, — il 5(1+H+H2)||in—i*||+N (13)
Now, [lp, — i*]|
llpn = 11 = (L = &)l + §y G3(QG3)™ U, — 7|
= 11C = )l + € G(QGs)™ 11y — i° + G ol

i — |I
n H by — )+ 1L, — il
SHIIln—i*|I+|Iln—i*|I
llon — Il <= (1 + H)|IL, — il
Now ,from Eqn. (13) we get,
<A+ +H+H)|i,—i*|| + N]
lp, =il < A+ HYA +H+ H?||i, —i*|| + (1 + H)N

(14)
Now ,
iy — i1l = 1QI(1 — € — 1) G3(QG3)" iy
+6,63(QG)™ (1 = &),
+ 47 G3(QG3)" L) + T, ] = il

From Eqgn. (8) and definition 1.1

= [I(1 — &7 = 1)G3(QG3)"in + €, G3(QG3)" oy
+77;L,Tn - i*”
=(1-€ - 774{)63(003)"_11' +€,G3(QG3)" " py
+ T, — U+ € — € i+l i
—m il
< (1= € = DNIG5(Q6:)" i — 'l
+ &, 1G5 (QG3)"pr, — 1|l

+ 05117 = Ik — 2]
S Hllip = Il + ex Hllpn — Il + 1 |7 — 0]

By Egn. (10) and definition (1.2)
< Hlli = Il + Hllpn = Il + 15N

lkn = Il < Hlliy — [l + Hllpy, — "I + N

By Eqgn. (14) we get,

<H|i,—i*|+H{QA+ A+ H+ H?)|li,, —i*|]| + (1 + H)N]

+N
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W, —i* | < [H+HA+H)(A+H+ H)]|li, — i*|| +
[1+H(+H]IN (15)

Now, (16, — i*Il = (1 = &)k + G2 (QG)™ Hhy — 17l

= I(1 = $)kn + $nG2(QG)" ey — " + i — Coi”l
< GllGo(QG)™ ey — il + (1 = G Mk, — 1]l
By definition (1.2)
< GHllky — I + Ik — 07|
< Hllkp — Il + Iy — i1l
< 1+ H)llk, — 7|
From Eqgn. (15) we get,
SA+H[[H+HA+HQ@+H+H)]|li,, — i*l
+[1+HA+H)IN
16, — i l<(1+H)H+HA+H)(A+H+
HO) i —i* 1+ A+ H)[1+HA + H)IN  (16)
Now we will find value of ||, — i*||
So,
I — Il = IQ[(1 — &, — M) G2(QG)" 'Ly,
+ EAGZ(QGz)n_l[(l —)ky
+$nG2(QG)" k] + npvi] = ¥l

By definition 1.1 and Eqgn. (7), we get
=1-e€— n;)Gz(QG”z)"‘lln + €,G2(QG)" 8 + MV
-— l*

= |(1 = €, = 1)G2(QG)" My + €,Go(QG)" 16, + vy,
— i 4 epit —epit+ it — il
< (1= e, =G (QG)™ 1L, — ¥l
+ 611G (QG)™ 18, — il
+ nnllve — il
< (A —ep —mHIL, — Ul + e H6, — | + N
<H|L,—-i*||+H||S, —i*|| + N
From Eqgns. (13) and (16) we get,
< H[(1+H+ H)|li, — i*]| + N] + H[(1
+H)[H+HA+H)(1+H+H)]|i,
-1+ A+H)[1+HQA+H)N]+N
=il < [HQ+H+H) +HQ + H)[H +
HQA+H)A+H + )]l — i*ll +

[H+HA+H[1+HQA+H) +1]|N (17)
let HA+H+H)+HA+H)[H+HA+H)A+H+
H?))] =5,

andletH + HA+H)[1+HA+H)+1] =t,
Then Eqn. (17) will be
I = Il < spllin = ]l + 6, N (18)
Now,
”Un - l*” = ”(1 - (n)jn + (nGl(QGl)n_ljn - l*”
=11 —&djn + (nGI((QE'll)n_ljn =+ Gl
—{,i
< CallG1(QG)™ Y — *|l
+ (1 - (n)”]n - l*”
< GHljn = El + 1n = I
S @A+Bljn =l
From Eqn. (18)
llon —i*ll < (1 + H)[splli — il + £, N] (19)
ljn = insall = 11 — €5, = 11) G5 (QG)" Ly,
+ E;LGZ(QGZ)n_lgn +r];tvn
- [(1 —€p— r]n)jn + EnGl(QGl)n_ldn
+ nxn]l

=Il(1 = € = ¥)G2(QG)" Ly + €1,G2(QGR)" 16, +

r];tvn - [(1 —€p — Yn)jn + EnGl(QGl)n_ldn + r]an] +

Enit —enit +npit —npit +eplt — €qit + it — it

By Egn. (10) and definition (1.2)

< H|l, = |l + enH|65 — |l + |ljr — Il + €pHlloy — 7|
+n,N +n,N

Now from Eqgns. (13), (16), (18) and (19) we get

S H[A+H+H?)|lip,— i*|| + N] + e, H[(1 + H)[H
+H+H)(+H + HGH)]li, — i*l]
+ 1+ H[1+H1+ H)]N]
+ spllin — || + t,N + e, H[(1
+ H)[spllin — i*[| + tN1] + (5 + 1IN
<[HQA+H+H?)+ e H[(1 + H)[H
+HA1+H)(A+H+H»)]+s,
+ EnH[(l + H)Sn]”ln - l*”
+[H + ty + €, Hty + (1, + 1) IN
(20)
LettH(1+H+H) + e, H{A1 + H)[H+H(1 + H)(1 +
H+H)]+s,+e,H(1+H)s,]=n,
Let [H + t, + €,Ht, + (N, + N )IN = h,,
So Eqgn. (18) will reduce

I = insall < mllin = Il + by (21)
NOVV|5| ”Un - in+1|| = ”(1 - qn)jn + (nGl(QGl)n_ljn -
in+1

< ”]n - in+1” + (n”{nGl(QGl)n_ljn _jn”
From Eqgn. (21) we get
llow — tnsill S mllin — Il + gy (22)
Now, take
25n<G1(QG1)n_ldn - G1(QG1)n_1in+1|u(in+1 —i")
< 26uMlingy — illlon — ingall

[By definition (1.2) and (1.3)] (23)
From Eqgn. (22) the Egn. (23) will be reduce
as 26,(G1(QG)" 10, — G1(QG)" Hipya|u(ing, — i) <
2eqM|linyy — (il — i)l + hy) (24)
Now take value of ||i,4; — i*||?
By lemma (1.1) and (1)
||in+1 - i*HZ < (1 —€p — r]n)ZHjn - i*HZ

+ 25n<G1(QG1)n_ldn — i"u(insg — i)

+ ZnnO{n - i*|u(in+1 - i*))
||in+1 - i*HZ
< (1 —€p— 77n)2||jn - i*HZ
G1(QG)" oy — i+ G1(QG)™ ingq

—61(QG,)" inss

+ ZnnO{n - i*|u(in+1 - i*))

By definition (1.3) and Eqn. (10)

+ 2e,

u(in+1 - i*)>

||in+1 - i*HZ < (1 —€n— r]n)z[sn”in - l*” + tnN]Z +
26,(G1(QG )" 0y — G1(QG) " ipgq [u(ing, — i) +
26n<Gl(QGl)n_1in+1 - i*|u(in+1 - i*)) + ZnnM”irHl -
Al (25)

26n<T1(PT1)n_1in+1 - i*|u(in+1 —iM)=
26n<Gl(QGl)n_1in+1 - i*|u(in+1 - i*)) + anqn”in+1 -
i*HZ - anqn”in+1 - i*HZ + ZEn(p”in+1 - i*” -

2en@llines — 1l (26)
Let fa = (G1(QG) " ipgq — i u(ing, — i) —
Gnllings — ElI7 + @llinyy — Il < &, by (5)

Then Eqgn. (26) will reduce an
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26n<Gl(QT1)n_1in+1 - i*|u(in+1 - i*))
< Zenfn + Zen[qn”in+1 - i*HZ
= @llinsa = i)
26n<Gl(QGl)n_1in+1 - i*|u(in+1 - i*)) < ané‘n +
2€p[qnllines = lI* = @llings —i°ll] (27)
Now substitute (27) and (24) in (25)
||in+1 - i*HZ < (1 —€p— r]n)ZSrZL”in - i*HZ
+ (1 —€n— r]n)z(tnN)z
+ 2s,||i, — i*|[t,N + 2€,,
+ Zen[qn”in+1 - i*HZ - (p||in+1 - i*”]
+ ZEnH”irHl - i*””Un - in+1||
+ ZnnN”irHl - i*”
||in+1 - i*HZ < (1 —€p— r]n)ZSrZL”in - i*HZ
+ (1 —€n— r]n)z(tnN)z
+ 2s,||i, — i*|[t,N + 2€,,8,
+ Zen[qn”in+1 - i*HZ - (P||in+1 - i*”]
+ ZEnH”irHl - i*”[rn”in - l*” + hn]
linsr — I < (1= )2 sillin — 7117 + (6, N)? +
an”in - i*”tnN + angn + Zenqn”in+1 - i*HZ -
an([)||in+1 - l*” + 26_nI-I||in+1 - i*”rn”in - l*” +
ZEthn”irHl_i*” +27]nN”in+1_i*” (28)
Let [li, — i*lI = ma,20(VE) = ¢ ()
&, =€ Hrpand  €,Hh, +n,N =u, and  s,t,N = w,
and(t,N)? =d, (29)
Then Eqgn. (28) will reduce
Mpy1 = (1 - En)zsrztmn + dn + an”in - i*” + ané‘n
+ 26_nannn+1 - En(p(mn+1)
+ 280 llines = i — 7l
+ 2:un||in+1 - i*”
Now use the identity
2mn < m? +n?
M1 < (1 — €,)%s2m, + d,, + w, (1 +m,) + 26,8,
+ 26_nannn+1 - En(p(mn+1)
+ ’fn(mn+1 + nn) + :un(l + mn+1)
Ent1 = [(1 + Erzt - Zen)srzt + wy + ’fn]mn
+ (Zenqn + ’fn + :un)mn+1
- En(p(mn+1) + dn + wy + py + ané‘n
From given condition

[oe)

Zefl<+oo

n=1
From Eqgn. (29)
Yn=1§n <+, XLyl < 400,30 dy < +00,30 wp <
+°°,Z?LO=15n <t
i.elim,_ (26,9, + &, +4,) =03n, such that vp=>

1
pO(Zenqn + ’fn + :un) < 2
_ (+ef—2ep)sitwntén 4 _
Let,nn - 1-(2€nqn+éntiun) 1=
26n(qn—s)+sE(1+€2)+28~1+wntiy
1-(2€nqn+én+in)

_ dptwn+iuy,
On = 1-(2ankn+&ntun) we get,

0<n,<2e,(q,—s2)+s2(1+€2)+2§, -1+ w,
+ 1)
0<o0,<2(d,+ w,+ 1)
From given condition and (30) we get Y7, n,, < +o0 and
=10y < +00
Mpyyq < (1 + nn)mn - En¢(mn+1) + ané‘n + 0,
So by lemma (1.3)
lim m, = lim||i, —i*||? =0
n—oo n—oo

= lim i, =i* €S =5(G,) N S(G;) N S(G3) NS(G,)
n—oo

the sequence {i,} generated will converge at fixed point

(30)

Necessary condition: Let lim,,_,, i, =i* € G and let 3 a
function ¢: [0, +) — [0,+) with ¢(0) =0 such that
@(t) = t and limy e @(llinsy — i*lI?) = 0

As G, is a pseudo asymptotically with retract map (Q) so
forq € S(G;)2S

Sowe

have,

lim supsupeplim infy,i—iveuy-iv)
UG i — qlui — i) —qulli— [P <0

So,

My, e SUPINSy(i,  —i)eU (i 1= [(G1 (QG1) " Mingy — U U(ing — 1)) —

nllinss = U112 + @linss — ©ID] =

lim,,, oo SUPInfy i, . —i*yew iy, - [{G1 (QG) ™ Vg — 1 |u(ing — %)) —

nllinss = CIP] 4 limy 0 @(llinss =) <0+ 0=0
This proofs the result.

lll. CONCLUSION

Here, we conclude that modified CUIA iteration for non-
self asymptotically pseudo contractive mapping
converge to fixed point.
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