‘@

E International Journal on Emerging Technologies 10(2b): 147-150(2019)

ISSN No. (Print) : 0975-8364
ISSN No. (Online) : 2249-3255

Some Fixed Point Results for Contraction in Dislocated Metric Space

Hemant Gaba and Arun Kumar Garg
Department of Mathematics, Chandigarh University, Gharaun, Mohali, Punjab, India.

(Corresponding author : Arun Kumar Garg)
(Received 02 May 2019, Revised 10 July 2019, Accepted 08 August 2019)
(Published by Research Trend, Website: www.researchtrend.net)

ABSTRACT: In this paper, we prove some fixed point results in dislocated metric space under contraction
condition using linear and rational expression in single as well as in couple of mappings.
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I. INTRODUCTION

Fixed point was introduced to solve the problems of
existence and uniqueness. Many researchers gave
many theories and results related to fixed point theory in
many spaces. This is one of the most powerful tool for
the problems growing in differential and integral
equations. Fixed point theory is related to existence of
fixed point and uniqueness. A very important result in
this field is Banach Contraction Principle [1] which was
given by S. Banach in 1992. Kannan [2] rectified lagoon
of Banach contraction principle and  proved a fixed
point theorem for operators that need not be
continuous. Further, Chatterjea [3] proved a result for
discontinuous mapping which is a kind of dual of
Kannan mapping. A lucid survey shows that there exists
a vast literature available on fixed point theory. They are
applicable in iteration methods, partial differential
equations, integral differential equations, variational
inequalities etc. There are lots of authors who extended
the Banach Contraction Principle in different directions.
Hitzler and Seda [7] have presented the notion of
dislocated metric space in the year 2000. In dislocated
metric space distance of a point from itself not
necessarily be equal to zero. This idea had been first
studied in domain theory [6] where the dislocated metric
space was recognized as metric domains. Dislocated
metric spaces play a very critical role in the fields of
topology as well as in different parts of science
including logic programming and electronic engineering.
D.S. Jaggi [5] proved fixed point theorem using rational
expression.

Il. PRELIMINARIES

Here we establish some necessary details and some
outcomes in dislocated metric space.

Definition 2.1 [9] Let K # @, and let a function d: K x
K - R* satisfying the following axioms, then d is
dislocated metric space.
(d1) d(m.n)= d(n,m) = 0 implies m = n;
(dy) d(imn) =d(n,m)foralmnekK
(d3) d(m,n) <d(m,l)+d(,n)forall,mmneK
Example 2.2 [14] Let K = R*an d: K x K - R* is given
by
d(ay,a;) = max {a;,a,}

Definition 2.3 [16] Let a sequence {a;}in dislocated
metric space(4, d) if

1. {a;} isknown as convergent to a € 4 as,
lima; = 0, if}ir{;Tp(aj,a) =0

j—oo

2. {a}is known as Cauchy sequence in
A, if j,li%Tp(af'ai) =0.

3. Every Cauchy sequence(4,d) is a convergent
sequence then that sequence (4,d) is called
complete.

Lemma 2.4 Let sequence {X;} in a dislocated metric
space (H,d) s.t

(X, Xj41) < hd(X-1, X))
where, h€ [0,1) andn =123 .....
Then {X;} is a Cauchy sequence in (H,d)
Proof: Letj > i > 1, it follows that

d(X6, %) < d(X, X41) + A( Xy, Xjrz) oo d(Xiog, X3)
< (W + LAY (X, X))
Since h < 1. Assume that (X, X;) > 0.
By taking lim;;_, , ..in above inequality, we get
Jji=+oo

Therefore, {X;} is a Cauchy sequence in K
Also d (X, X1) =0
Then d(Xj,Xi) =0VvVm>n
- {X;} is a Cauchy sequence in H
Definition 2.5 [7] Let (X, d) be a dislocated metric space
and a function f:X — X is called a contraction if there
exists 0 < A < 1 such that d(f(x), f(¥)) < Ad(x,y) for all
x,y €X.

lll. MAIN RESULTS

In this section, we prove some fixed point theorems in
single as well as in couple of mappings for contraction in
dislocated metric spaces. We will use the abbreviation
CDMS for complete dislocated metric space.
Theorem 3.1 Let (5,4) is a CDMS and T:4A - Abe a
continuous mapping and satisfying the condition:
d(Tl, Tm) < a;d(l,m) + a,[d(,, Tl) + d(m, Tm)]
da(l,m)d(l, Tm)
+as [d(l,Tm) + d(m, Tl)] +a, [m
d(l,Tm)d(m,Tm)
t s [d(l,m)+d(m,Tm) (1)
Where a; + a, + a3 + a, + a5 = 0 with ay + 2a, + 4a5 +
a,+as <1 for all ,meS, then T has a unique fixed
point.

Proof: Let x, is arbitrary. Consider a sequence {x,} and
Picard’s iteration x,,,, = Tx,,. If for any n,x,,,, = x,,, then
X, is a fixed point. Therefore, there is no need to go
further. Assert x,,,., # x,, for any n. Now using Egn. (1)
we have

A(xny1, Xne2) = d(Txy, Txni)
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< a1 d (X, Xng1) + o [d(xn, Txn) + d(Xpgq, Txnyr)]
+C{3 [d(xnr Txn+1) + d(xn+1r Txn)]

[ d(xn, Xn41)- d(xn, Txngr)

|4t Xn41) + A1, TXpiq)

[d(xn, Tns1). d(Xn41, TXng1)

|4t Xn41) + A (g1, TXpiq)

+a,

+as

< o d(xy, Xni1) + ap[d(xn, X 1) + d(Xny1, Xni2)]
tas [fi(xn, Xn42) + A (Xpiq, Xnp1)]
A (%xn, Xn41)d (X, Xny2)

:d(xn, Xn41) + AQps1, Xni2)

d(xp, xn+2)d(xn+1r Xn+2)
_d(xn, Xni1) + A(pi1, Xns2)
< a1 d(xy, Xn1) + ap[d(xn, X 1) + A2d (Xpi1, Xni2)]
+2a3[d(xpy, Xpi1) + A d (Xpiq, Xny2)]
+a4d(xnrxn+1) + as d(xn+1r xn+2)

+a,

+a

v

a; +a, +2a; + ay

—_——d(x,
1—(ay + 205 + as) Cons i)

d(xn+1' xn+2) <
a;+a,+2az+a,
1-(ax+2az+as)

a, +2a,+4a;+a,+as <1

Leth =

Therefore
A(Xp 41, Xny2) < hd (X, Xp11)

Similarly d(x,, xp41) < hd(xp_1, xp) < h. hd (xXp_1, %)

= d(Xp Xns1) < RPd(Xp_q, %)

Using iteration up to n times,
d(Xpy1, Xny2) < R"d(x0, %)

where,0<h<1 =h"->0asn- o
By (iv) Lemma {x, } is a Cauchy sequence. Therefore
Ju €S such that {x,} > pnasn—- oo
Now, we will prove p is fixed point of T. Since
{x,} = nasn — c. Using the definition of continuity for
T, we have

lim Tx, =Tu
n—oo
lim x,,, =Tu
n—oo
Then Tu =y,
Hence p is a fixed point of T.
Now, for uniqueness p and p be the two fixed point of
Tfor u # p, using Eqn. (1), we have
a(y,p) < ayd(u,p) + a,[d(p, Tp) J(r d(gz*,(Tp)] )
a(u,p)d(u,Tp
+as[d(u Tp) + A, TW] + oy |————7—=
[ d(u, Tp)d(p,Tp)
5 |dwv) + d(p, Tp)
app) < ayd(p,p) + azld(p, p) + d(p,p)]

dlu, p).d(y,
+asld(p, p) + dp, )] + a, [M]

d(u, p)

[d(u, p)-d(p, p)]
)

As u and p are fixed point of T.

Therefore, by above equation we have,

d(u,u) = 0and d(p,p) =0
So, above equation become

d(y,p) <lag +az + aylld(p, p) + azd(p, )| )
Similarly,
d(p,u) <y +as + aulld(p,u) +azd(y,p)|” ©)]

Subtract (2) from (3)
|2, p) — dlp, )| < [(ay + ag + ay) — a3ll(d(w, p)

—d(p, )|
< lay + aulld(p p) — d(p, Wl (4)
Here,|a; + a,| < 1, above inequality hold.
= d(u,p)—dlp,u) =0 5)

From Egns. (2), (3) and (5), we have
d(u,p) =0andd(p,u) =0
Sp=p

Therefore, T has a unique fixed point.
Theorem 3.2 Let (5,4) be a CDMS and T:S - S be a
continuous mapping and satisfying the condition:
ad(Tl, Tm) < a;d(l,m) + ay[d(l, Tl) + d(m,Tm)]

da(l,m)+ d(m,Tm)

[d(l,m)+d(m,Tm)+d(l,Tm) (6)

a(l,Tm)

Where a4, a,, a3 = 0 with a; + 2a, + 8a; < 1 for all
[,m € S.Then T has a unique fixed point.

Proof: Let x, is arbitrary. Consider a sequence {x,}
and Picard’s iteration x,,,, = Tx,. If for any n, x,,., =
Xn, then x,, is a fixed point. Therefore, there is no need
to go further. Assert x,,,; # x,, for any n.
Now using Eqgn. (1) we have
d(l,m)= A(Txp, Txppq) < a1 d (X, Xn41)
+C{2 [d(xnr Txn) + d(xn+1' Txn+1)]
[d(xnrxn+1) + d(xn+1rTxn+1)]

a(xn, Txpyq)

+ag[d(x,, Txneq) + A(Xn11, Toxn)]
[d(xnr Xn41) + d gy, TXnyr) + d(xn,Txn+1)]

A (xn, TXny1)

< a1 d (X Xp1) + A [d (X, Xpp1) + d(Xpiq, X))
d(xpy Xna1) + A(Xps1, Xniz)
A(xn, Xpy2)
+ az[d (e, Xni2) + d(py1, Xne1)]
A (X, Xpa2) + d(Xngq, Xpar) + d(xp, xn+2)]
d(xnr xn+2)
< a1d (X, Xng1) + o [d (X, Xpg1) + d(Xnpq, Xngo)]
d(xp, Xn41) + d(Xpi1, Xny)
A (X, X 42)
+ az[d(xy xpi2) + d (X, Xpa2) + A (X Xp4q)]
d(xnr xn+1)
d(xnr xn+2)
< a1 d (%, Xng1) + @[, Xng1) + d(xngg, Xnp2)]
+ 4 as[d(xy, Xpgq) + d(Xpiq, Xni2)]

a +a, +4as
A1, Xne2) < 52— A%n Xns1)

Let h= a;+az+4as
1-a,—4a,
ash<1= a;+2a,+8a3<1
Therefore, d(x,11, Xp42) < hd(Xp, Xpnt1)s
Similarly, d(x,, Xp41) < hd (Xp_1, %)
d(¥n+1, Xne2) < B hd (Xn_g, %) < B2 (Xp_q, %)

Using iteration up to n times,

d(xp, Xpe1) < h"d(xg, %)
Where,0 <h<1 =h"->0asn—
By (iv) Lemma {x,} is a Cauchy sequence. SoJu € S
such that {x,} - pasn — oco.
Now we will prove pu is a fixed point of T.
As {x,} - pasn— oo
By means of continuity of T, we have

lim T = p = lim x, .y =4
Then p is a fixed point of T.
Now, for uniqueness u and p be the two fixed point of
T for u # p, we have
d(u,p) < ardu,p) + ay[d(p,Tu) + d(p,Tp)]
d(u,p) +d(u,Tp)
a(w, Tp)

+az[d(u,Tp) + d(p, Tu)]

2 —4az
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d(u,p) +d(p,Tp) + d(u,Tp)
d(u,Tp)
Here, u and p are fixed point of T.
Therefore, by given condition, we have

d(u,p) =0and d(p,p) =0
So, above equation become

d(u,p) < a1d(u, p) + 2a3d(p, p) + 2a5d(p, )

And d(p,p) < (ay + 2as)d(w p) + 2asd(p, 1) ()
Similarly,
d(p,p) < (a1 + 2a3)d(p, 1) + 2a3d(y, p) (8)

Subtract above two equations, we get
|2, p) — d(p, W < lay + 2a5 — 2as||d(p, p) — d(p, 1]

|2, p) — d(p, )| < |as|ldu, p) — d(p, W] 9)
Clearly, |a| <1

So, above inequality holds.

Il (u, p) — d(p, )| = 0 (10)

From Egns. (6), (7) and (10), we have

d(u,p) =0and d(p,u) =0

Sp=p

Therefore, T has a unique fixed point.
Example 3.3 Let (4,d) be a CDMS and T:R* - R*
defined as
d(pw,p) =t | u—p| Suchthat
e = 1+§andpa =1+§
Therefore, d(iq, pe) =t | e — Pa |
=tl1+--1-2]

1 1
r-diecd)
a a

1
1084500 AU Pa) = 108400 tE

=1 logg e d(:uarpg) -0

as both u, = 14— andp, =1+~ tendto 1
as a = oo. Hence 1 is the fixed point.
Hence, it satisfies all the condition of CDMS.

. 1 1 1 17
For Theorem (i) = =g, = 0,0 = 1
For Theorem (ii) ay = § ,0y = : 03 = %
Theorem 3.4 Let (X,d) be a CDMS. Let S, T be two self
mappings S, T:X = X
HTX cS&X)

1
=t logaqmg =0

e =L
775 T g

(i) Sand T is continuous
(i) d(S7, Ts) < a,d(r,s)

d(r,s) +d(s,Ts)

+a,[d(r,Sr) + Ty(s,Ts) [ d(r,Ts)

+asld(r,Ts) + d(s,Sr)]

(11)

[{d(r,s)+d(s,Ts)+d(r,Ts)}Z]
d(r,Ts)?

Where a; + a, + a3 = 0 with a; + 2, + 16a; < 1.
for all x,y € X.ThenS,T has a unique common fixed
point.
Proof: Let r, € X be arbitrary and sequence {r;} jen
Such That
1 =S50, 1y = T(1y) e Tojyg = STy, 125 = T(1p-1) -
Using (1), we have
d(rzj+1rrzj+2) = d(srzerrzjn) < Cf1d(7"2jrrzj+1)
[ d(sz,Srzj)
+a,

+d(7"2j+1rTT2j+1)

[d(rzjr T2j+1) + d(T2j+1rTT2j+1)]
d(rzj,TT2j+1,)

ta, [ d(rszrzjn)
+d(r2j41,S1)
2
[{d(rzj’r2j+1) + d(r2je1, Trojer) + d(155,Troj11)} ]
(o), Tropen)Y

< aid(rzj,rzjﬂ)
ta [ d(rzjrr2j+1) [d(rzjrrzjn) + d(r2j+1,r2j+2)]
2 +d(rzj+1rr2j+2) d(rzj'r2j+2)
+a3[ d(rzjrr2j+1)
+d(rzj+1rrzj+1) ,
[{d(rzj,rzj+1) + d(r2j+1,r2j+2) + d(rzj,r)} }
{d(rajirae2))’
@t
1—a, — 4a; 2rapt

A(rzjs1, Tojrz) < kd(ry),12j41)
Where k = &%t g« <1

1-a,—4a;
Continuing this way, we get
d(T2j+1,T2j+2) < kzjd(rzj,r2j+1) ,'0 <k<1
By (2.4) Lemma k¥ - 0asj > ow.Hence {r}en is a
Cauchy sequence in(X, d)
So,ApEXs.t {rj}—>p.
Further the subsequence {Sr,;} - p and {Tr,;} - p
Since S,T:X — X are continuous, we have
Sp=pandTp=p
Then, pis a fixed point of S and T.
=>Sp=p=Tp
Now, for uniqueness uandpbe the two-fixed point
of SandT, then we get
d(u,p) = d(Su,Tp) < aﬁ%ﬂ)) o)
wp)+d(p,Tp
el 500+ (o, 1) <L)
N [ d(w,Tp) [d(u,p) +d(p, Tp) +d(1, Tp)Y*
l+d(p, Sw) [d(u Tp)]?

< apd(p, p) + az[d(p, w) + d(p, p)] [

d(u,p) +d(p,p)
du,p)
{d(u,p) +d(p,p) + d(u,p)}z]
[d(w, p)]?

+ as[d(u, p) + d(p,u)][

Hence d(u, 1) = 0and d(p,p) =0
< ayd(p, p) + asld(u p) + d(p, )]
[{d(u,p) +d(up)y
[d(u, p)]?
< aid(u, p) + [4azd(p p) + asd(p, 1]
< (a1 + 4az)d(w, p) + 4azd(p, 1)

d(wp) < (ay +4a3)d(w p) + 4azd(p, 1) (12)
Similarly,
d(p,u) < (ay + 4az)d(p, i) + 4azd(u, p) (13)

Subtract above two equations, we have
l[d(w, p) — d(p, )| < |ay + 4as — 4as||d(w, p) — d(p, )|

|d(u, p) — d(p, )| < | ||d(w, p) — d(p, )] (14)
Clearly, |ai| <1

So, above inequality holds.

Ifd(u,p) —d(p,u) =0 (15)

From Egns. (11), (12) and (15) we have

d(p,p) =0and d(p,w) =0=>pu=p
Thus fixed point of S and T is Unique.

IV. CONCLUSION

In the iterative fixed-point procedure, the results vary
like some of results are completely significant while the
others are formulated. In this paper, we proved fixed
point theorems for single and double mapping under
contraction condition in complete dislocated metric
space.
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