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ABSTRACT: In this paper, we prove some fixed point results in dislocated metric space under contraction 
condition using linear and rational expression in single as well as in couple of mappings. 
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I. INTRODUCTION 

Fixed point was introduced to solve the problems of 
existence and uniqueness. Many researchers gave 
many theories and results related to fixed point theory in 
many spaces. This is one of the most powerful tool for 
the problems growing in differential and integral 
equations. Fixed point theory is related to existence of 
fixed point and uniqueness. A very important result in 
this field is Banach Contraction Principle [1] which was 
given by S. Banach in 1992. Kannan [2] rectified lagoon 
of Banach contraction principle and   proved a fixed 
point theorem for operators that need not be 
continuous. Further, Chatterjea [3] proved a result for 
discontinuous mapping which is a kind of dual of 
Kannan mapping. A lucid survey shows that there exists 
a vast literature available on fixed point theory. They are 
applicable in iteration methods, partial differential 
equations, integral differential equations, variational 
inequalities etc. There are lots of authors who extended 
the Banach Contraction Principle in different directions. 
Hitzler and Seda [7] have presented the notion of 
dislocated metric space in the year 2000. In dislocated 
metric space distance of a point from itself not 
necessarily be equal to zero. This idea had been first 
studied in domain theory [6] where the dislocated metric 
space was recognized as metric domains. Dislocated 
metric spaces play a very critical role in the fields of 
topology as well as in different parts of science 
including logic programming and electronic engineering. 
D.S. Jaggi [5] proved fixed point theorem using rational 
expression. 

II. PRELIMINARIES 

Here we establish some necessary details and some 
outcomes in dislocated metric space. 
 
Definition 2.1 [9] Let  � ≠ ∅, and let a function �: � ×� → 	
 satisfying the following axioms, then  � is 
dislocated metric space. 
(��)   �(m.n)= ���, �) = 0 implies � = �; 
(��)   ���, �) = ���, �) for all �, � ∈ � �� )   ���, �) ≤ ���, ") + ��", �) for all ", �, � ∈ � 
Example 2.2 [14] Let � = ℝ
an �: � × � → ℝ
 is given 
by ��%�, %�) = max {%�, %�} 
Definition 2.3 [16] Let a sequence )a*+ in dislocated 

metric space�,, �) if 
1. {%-} is known as convergent to % ∈ , as, lim-→. %- = 0, /0 lim-→. 12�%- , %) = 0 

2. )%-+ is known as Cauchy sequence in 

A , if  "/�-,3→. 12�%- , %3 ) = 0 . 
3. Every Cauchy sequence�,, �)  is a convergent 

sequence then that sequence �,, �) is called 
complete. 

Lemma 2.4  Let sequence {6-}  in a dislocated metric 

space �7, �) s.t ��6-, 6-
�) ≤ ℎ��6-9� , 6-) 
where, ℎ ∈ [0,1) and � = 1,2,3 … .. 
Then {6-} is a Cauchy sequence in �7, �) 
Proof: Let > > / ≥ 1, it follows that �A6-, 63B ≤ �A6-, 6-
�B + �A6-
�, 6-
�B … . ��639�, 63) ≤ �ℎ- + ℎ-
� … … . ℎ39�)��6C, 6�) 
Since ℎ < 1.  Assume that �6C, 6�) > 0 . 
 By taking lim-,3→
.in above inequality, we get lim-,3→
. ��6-, 63) = 0 

Therefore, {6-} is a Cauchy sequence in K  
Also � �6C, 6�) = 0 Then �A6-, 63B = 0  ∀ � > � ∴  {6-} is a Cauchy sequence in 7 

Definition 2.5 [7] Let (J, �) be a dislocated metric space 
and a function 0: J → J is called a contraction if there 
exists 0 ≤ K < 1 such that ��0�L), 0�M)) ≤ K��L, M) for all L, M ∈ J. 
III. MAIN RESULTS 

In this section, we prove some fixed point theorems in 
single as well as in couple of mappings for contraction in 
dislocated metric spaces. We will use the abbreviation 
CDMS for complete dislocated metric space. 
Theorem 3.1 Let �N, O) is a CDMS and 1: , → , be a 
continuous mapping and satisfying the condition: O�1", 1�) ≤ P�O�", �) + P�[O�", 1") + O��, 1�)Q 

+P [O�", 1�) + O��, 1")Q + PR S O�", �)O�", 1�)O�", �) + O��, 1�)T 
+   PU VO�W,XY)O�Y,XY)

O�W,Y)
O�Y,XY)Z                           (1) 

Where P� + P� + P + PR + PU ≥ 0 with P� + 2P� + 4P +PR + PU < 1 for all ", � ∈ N, then 1 has a unique fixed 
point. 
Proof: Let LC is arbitrary. Consider a sequence {L\} and 
Picard’s iteration L\
� = 1L\. If for any n,L\
� = L\, then L\ is a fixed point. Therefore, there is no need to go 
further. Assert L\
� ≠ L\ for any n. Now using Eqn. (1) 
we have  O�L\
�, L\
�) = O�1L\ , 1L\
�) 

e
t
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≤ P�O�L\, L\
�) + P�[O�L\, 1L\ ) + O�L\
�, 1L\
�)Q +P [O�L\, 1L\
�) + O�L\
�, 1L\)Q 
+PR S O�L\, L\
�). O�L\, 1L\
�)O�L\, L\
�) + O�L\
�, 1L\
�)T 
+PU SO�L\, 1L\
�). O�L\
�, 1L\
�)O�L\, L\
�) + O�L\
�, 1L\
�)T 
 ≤ P�O�L\, L\
�) + P�[O�L\, L\
�) + O�L\
�, L\
�)Q +P [O�L\, L\
�) + O�L\
�, L\
�)Q 
+PR S O�L\, L\
�)O�L\, L\
�)O�L\, L\
�) + O�L\
�, L\
�)T 
+PU S O�L\, L\
�)O�L\
�, L\
�)O�L\, L\
�) + O�L\
�, L\
�)T 
≤ P�O�L\, L\
�) + P�[O�L\, L\
�) + P�O�L\
� , L\
�)Q +2P [O�L\, L\
�) + P�O�L\
� , L\
�)Q +PRO�L\, L\
�) + PU O�L\
�, L\
�) 
 

O�L\
�, L\
�) ≤ P� + P� + 2P + PR1 − �P� + 2P + PU) O�L\, L\
�) 
Let ℎ =

^_
^`
�^a
^b�9�^`
�^a
^c) P� + 2P� + 4P + PR + PU < 1 
Therefore O�L\
�, L\
�) ≤ ℎO�L\, L\
�) 
 
Similarly O�L\, L\
�) ≤ ℎO�L\9�, L\) ≤ ℎ. ℎO�L\9�, L\) 
 ⇒ O�L\, L\
�) ≤ ℎ�O�L\9�, L\) 
Using iteration up to n times, O�L\
�, L\
�) ≤ ℎ\O�LC, L�) 
where, 0 ≤ ℎ ≤ 1    ⇒ℎ\ → 0 as � → ∞ 
By (iv) Lemma {L\} is a Cauchy sequence. Therefore ∃ g ∈ N  such that {L\} → g as � → ∞ 
Now, we will prove µ is fixed point of 1. Since 
 {L\} → g as � → ∞. Using the definition of continuity for 1, we have 

lim\→. 1L\ = 1g 

lim\→. L\
� = 1g 

Then   1g = g,   
Hence μ  is a fixed point of  1. 
Now, for uniqueness g and j be the two fixed point of 1for g ≠ j, using Eqn. (1), we have O�g, j) ≤ P�O�g, j) + P�[O�g, 1j) + O�"�∗, 1j)Q 
+P [O�g, 1j) + O�g, 1g)Q + PR S O�g, j)O�g, 1j)

O�g, j) + O�j, 1j)T 
+PU S O�g, 1j)O�j, 1j)

O�g, l) + O�j, 1j)T 
O�g, j) ≤ P�O�g, j) + P�[O�g, j) + O�j, j)Q 
+P [O�g, j) + O�j, g)Q + PR SO�g, j). O�g, j)

O�g, j) T 
+PU SO�g, j). O�j, j)O�g, j) T 
As g and j are fixed point of T. 
Therefore, by above equation we have, O�g, g) = 0 and  O�j, j) = 0 
So, above equation become O�g, j) ≤ |P� + P   + PR||O�g, j) + P O�j, g)|              (2) 
Similarly, O�j, g) ≤ |P� + P   + PR||O�j, g) + P O�g, j)| ̀             (3) 
Subtract (2) from (3) |O�g, j) − O�j, g)| ≤ |�P� + P + PR) − P ||���g, j)− ��j, g)|         ≤ |P� + PR||O�g, j) − O�j, g)|               (4) 
Here,|P� + PR| < 1, above inequality hold. ⟹ O�g, j) − O�j, g) = 0                (5) 

From Eqns. (2), (3) and (5), we have O�g, j) = 0 and O�j, g) = 0 ⇒ g = j 
Therefore, 1 has a unique fixed point. 
Theorem 3.2  Let �N, O) be a CDMS and 1: N → N be a 
continuous mapping and satisfying the condition: O�1", 1�) ≤ P�O�", �) + P�[O�", 1") + O��, 1�)Q 

SO�", �) + O��, 1�)
O�", 1�) T + P [O�", 1�) + O��, 1")Q 

        VO�W,Y)
O�Y,XY)
O�W,XY)
O�W,XY) Z                                                     (6) 

Where P�, P�, P ≥ 0 with P� + 2P� + 8P < 1 for all ", � ∈ N .Then 1 has a unique fixed point. 

Proof:  Let LC is arbitrary. Consider a sequence {L\} 
and Picard’s iteration L\
� = 1L\. If for any n, L\
� =L\, then L\ is a fixed point. Therefore, there is no need 
to go further. Assert L\
� ≠ L\ for any n.  
Now using Eqn. (1) we have  O� ", �) = O�1L\ , 1L\
�) ≤ P�O�L\, L\
�) +P�[O�L\, 1L\) + O�L\
�, 1L\
�)Q 

SO�L\, L\
�) + O�L\
�, 1L\
�)O�L\, 1L\
�) T 
+P [O�L\, 1L\
�) + O�L\
�, 1L\)Q 

SO�L\, L\
�) + O�L\
�, 1L\
�) + O�L\, 1L\
�)
O�L\, 1L\
�) T 

 ≤ P�O�L\, L\
�) + P�[O�L\, L\
�) + O�L\
�, L\
�)Q 
SO�L\, L\
�) + O�L\
� , L\
�)O�L\, L\
�) T 

+  P [O�L\, L\
�) + O�L\
�, L\
�)Q 
SO�L\, L\
�) + O�L\
� , L\
�) + O�L\, L\
�)

O�L\, L\
�) T 
≤ P�O�L\, L\
�) + P�[O�L\, L\
�) + O�L\
�, L\
�)Q 

SO�L\, L\
�) + O�L\
� , L\
�)
O�L\, L\
�) T 

+  P [O�L\, L\
�) + O�L\
�, L\
�) + O�L\, L\
�)Q 
2 SO�L\, L\
�)O�L\, L\
�)T 

≤ P�O�L\, L\
�) + P�[O�L\, L\
�) + O�L\
�, L\
�)Q + 4 P [O�L\, L\
�) + O�L\
�, L\
�)Q 
��L\
�, L\
�) ≤ P� + P� + 4P 1 − P� − 4P O�L\, L\
�) 

Let  ℎ = ^_
^`
R^a�9^`9R^a  

as ℎ < 1 ⇒   P� + 2P� + 8P < 1 
Therefore, ��L\
�, L\
�) ≤ ℎO�L\, L\
�), 
Similarly, O�L\, L\
�) ≤ ℎO�L\9�, L\) ��L\
�, L\
�) ≤ ℎ. ℎO�L\9� , L\) ≤ ℎ�O�L\9�, L\) 
Using iteration up to � times,                                                                                                        O�L\, L\
�) ≤ ℎ\O�LC, L�) 
Where, 0 ≤ ℎ ≤ 1   ⇒ℎ\ → 0 as � → ∞ 
By (iv) Lemma {L\} is a Cauchy sequence. So ∃g ∈ N 
such that {L\} → g as � → ∞. 
Now we will prove g is a fixed point of T. 
As  {L\} → g as � → ∞ 
By means of continuity of T, we have lim\→. 1L\ = g  ⇒ lim\→. L\
� = g 

Then g is a fixed point of   1. 
Now, for uniqueness g and j be the two fixed point of 1 for g ≠ j, we have O�g , j) ≤ P�O�g , j) + P�[O�g , 1g ) + O�j, 1j)Q 

SO�g , j) + O�g , 1j)
O�g, 1j) T 

+P [O�g , 1j) + O�j, 1g )Q 
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SO�g , j) + O�j, 1j) + O�g , 1j)
O�g , 1j) T 

Here, g and j are fixed point of T. 
Therefore, by given condition, we have O�g, g) = 0 and O�j, j) = 0 
So, above equation become O�g, j) ≤ P�O�g, j) + 2P O�g, j) + 2P O�j, g) 
 And O�g, j) ≤ �P� + 2P )O�g, j) + 2P O�j, g)            (7) 
 Similarly,  O�j, g) ≤ �P� + 2P )O�j, g) + 2P O�g, j)              (8)         
Subtract above two equations, we get |O�g, j) − O�j, g)| ≤ |P� + 2P − 2P ||O�g, j) − O�j, g)| |O�g, j) − O�j, g)| ≤ |P�||O�g, j) − O�j, g)|             (9) 
Clearly,   |P�| < 1 
So, above inequality holds. 
If|O�g, j) − O�j, g)| = 0              (10) 
From Eqns. (6), (7) and (10), we have O�g, j) = 0 and O�j, g) = 0 ⇒ g = j 
Therefore, 1 has a unique fixed point. 
Example 3.3  Let �,, �) be a CDMS and 1: 	
 → 	
 
defined as  ��g, j) = p ∣ g − j ∣  Such that g^ = 1 + �

^ and j^ = 1 + �
^ 

Therefore,  ��g^ , j^) = p ∣ g^ − j^ ∣ 
=p ∣ 1 + �

^ − 1 − �
^ ∣ 

 = p ∣ − 1P ∣ = p r1Ps 

log^→. ��g^ , j^) = log^→. p 1P = t log^→. 1P = 0 

= log^→. ��g^ , j^) → 0 

as both g^ = 1 + �
^   and j^ = 1 + � 

^    tend to 1  
as P → ∞. Hence 1 is the fixed point.  
Hence, it satisfies all the condition of CDMS. 

For Theorem (i) = �
R , P� = �

  , P = �
v  , PR = �w

��  , PU = �
�x 

For Theorem (ii) P� = �
x  , P� = �

x  , P = �
 � 

Theorem 3.4  Let �J, �) be a CDMS. Let N, 1 be two self 
mappings  N, 1: J → J �i) 1�J) ⊆ N�J) 
(ii) N and 1 is continuous 

(iii) ��Nz, 1{) ≤ P���z, {) 
+P�[��z, Nz) + 1|�{, 1{) S��z, {) + ��{, 1{)��z, 1{) T 

+P [��z, 1{) +  ��{, Nz)Q 
V{|�},~)
|�~,X~)
|�},X~)}`

|�},X~)` Z                                    (11) 

Where P� + P� + P ≥ 0 with P� + 2P� + 16P < 1. 
for all L, M ∈ J. Then N, 1 has a unique common fixed 
point. 
Proof: Let zC ∈ J be arbitrary and sequence {z-} jεN  

Such That z� = N�zC), z� = 1�z�) … … . . z�-
� = Nz�- , z�- = 1�z�-9�) . 
Using (1), we have �Az�-
�, z�-
�B = �ANz�- , 1z�-
�B ≤ P��Az�- , z�-
�B 

+P� S �Az�- , Nz�-B
+�Az�-
�, 1z�-
�BT 

S�Az�- , z�-
�B + �Az�-
�, 1z�-
�B
�Az�- , 1z�-
�, B T 

+ P S �Az�-, 1z�-
�B
+�Az�-
�, Nz�-BT 

�)�Az�- , z�-
�B + �Az�-
�, 1z�-
�B + �Az�-, 1z�-
�B+�
)�Az�- , 1z�-
�B+� � 

≤ P��Az�- , z�-
�B
+ P� S �Az�- , z�-
�B

+�Az�-
�, z�-
�BT S�Az�- , z�-
�B + �Az�-
� , z�-
�B
�Az�- , z�-
�B T 

+P S �Az�- , z�-
�B
+�Az�-
�, z�-
�BT 

�)�Az�- , z�-
�B + �Az�-
�, z�-
�B + �Az�- , zB+�
)�Az�- , z�-
�B+� � 

≤ P� + P� + 12P 1 − P� − 4P ��z�- , z�-
�) 
��z�-
�, z�-
�) ≤ ���z�- , z�-
�) 

Where,� = ^_
^`
��^a�9^`9R^a    ; 0 < � < 1 

Continuing this way, we get �Az�-
�, z�-
�B ≤ ��-�Az�- , z�-
�B    ; 0 < � < 1 

By (2.4) Lemma  ��- → 0 as > → ∞.Hence )z-+jεN  is a 

Cauchy sequence in�J, �) 

So, ∃ � ∈ J {. p  )z-+ → �. 

Further the subsequence )Nz�-+ → � and {1z�-} → � 

Since  N, 1: J → J are continuous, we have  N� = � and 1� = � Then, �is a fixed point of N and 1. ⇒ N� = � = 1� 
Now, for uniqueness g and j be the two-fixed point 
of  N and 1, then we get ��g, j) = ��Ng, 1j) ≤ P���g, j) 

+P�[��g, Ng) + ��j, 1j)Q S��g, j) + ��j, 1j)��g, 1j) T 

+P � ��g, 1j)+��j, Ng)� S��g, j) + ��j, 1j) + ��g, 1j)}�
[��g, 1j)Q� T 

≤ P���g, j) + P�[��g, g) + ��j, j)Q S��g, j) + ��j, j)��g, j) T
+ P [��g, j) + ��j, g)Q S{��g, j) + ��j, j) + ��g, j)}�

[��g, j)Q� T 
 
Hence ��g, g) = 0 and ��j, j) = 0 ≤ P���g, j) + P [��g, j) + ��j, g)Q 

S{��g, j) + ��g, j)}�
[��g, j)Q� T 

≤ P���g, j) + [4P ��g, j) + P ��j, g)Q ≤ �P� + 4P )��g, j) + 4P ��j, g) ��g, j) ≤ �P� + 4P )��g, j) + 4P ��j, g)          (12) 
Similarly, ��j, g) ≤ �P� + 4P )��j, g) + 4P ��g, j)          (13) 
Subtract above two equations, we have |��g, j) − ��j, g)| ≤ |P� + 4P − 4P ||��g, j) − ��j, g)| |��g, j) − ��j, g)| ≤ |P�||��g, j) − ��j, g)|          (14) 
Clearly,   |P�| < 1 
So, above inequality holds. 
If ��g, j) − ��j, g) = 0             (15) 
From Eqns. (11), (12) and (15) we have ��g, j) = 0 and  ��j, g) = 0 ⇒ g = j  
Thus fixed point of N and 1 is Unique. 

IV.  CONCLUSION 

In the iterative fixed-point procedure, the results vary 
like some of results are completely significant while the 
others are formulated. In this paper, we proved fixed 
point theorems for single and double mapping under 
contraction condition in complete dislocated metric 
space. 



Gaba & Garg,   International Journal on Emerging Technologies 10(2b): 147-150(2019)                              150 
 

REFERENCES 

[1]. Banach, S. (1922).  Sur les opérationsdans les 
ensembles abstraitsetleur application aux equations 
intégrales.  Fund. Math, 3(1), 133-181,  
[2]. Kannan, R. (1968). Some results on fixed 
points. Bull. Cal. Math. Soc., 60, 71-76 
[3]. Chatterjea, S. K. (1972). Fixed-point-theorems 
dokladina bolgarskata akademiyana naukite, 25(6): 7, 2-
7,  
[4]. Dass, B. K., & Gupta, S. (1975). An extension of 
Banach contraction principle through rational 
expression. Indian J. pure appl. Math, 6(12), 1455-1458.  
[5]. Jaggi, D. S. (1976). On common fixed points of 
contractive maps. Bull. Math. Vol. 20(68): 143-146. 
[6]. Matthews, S. G. (1994). Partial metric topology.  
Annals of the New York Academy of Sciences, 728(1), 
183-197,  
[7]. Hitzler, P., & Seda, A. K. (2000). Dislocated 
topologies. J. Electr. Eng., 51(12), 3-7. 
[8]. Hitzler, P. (2001). Generalized metrics and topology 
in logic programming semantics. 
[9]. Zeyada, F. M., Hassan, G. H.,  & Ahmed, M. A. 
(2006).  A Generalization of a fixed point theorem due to 
Hitzler and Seda in dislocated quasi-metric spaces. The 
Arabian J. Sci. Engg., 31(1A), 111-114. 

[10]. Aage, C. T., & Salunke, J. N. (2008). Some results 
of fixed point theorem in dislocated quasi-metric 
spaces. Bull. Marathadawa Math. Soc, 9, 1-5. 
[11]. Isufati, A. (2010). Fixed point theorems in 
dislocated quasi-metric space. Appl. Math. Sci., 4(5), 
217-233. 
[12]. Shrivastava, R., Ansari, Z. K., & Sharma, M. 
(2012). Some Results on Fixed Points in Dislocated and 
Dislocated Quasi-Metric Spaces. Journal of Advanced 
Studies in Topology, 3(1). 
[13]. Jha, K., & Panthi, D. (2012). A common fixed point 
theorem in dislocated metric space. Applied 
Mathematical Sciences, 6(91), 4497-4503. 
[14]. Rahman, M. U., & Sarwar, M. (2014). Fixed point 
results in dislocated quasi-metric spaces. 
In International Mathematical Forum (Vol. 9, No. 14, pp. 
677-682). 
[15]. Kumari, P. S., Ramana, C. V., Zoto, K., & Panthi, 
D. (2015). Fixed point theorems and generalizations of 
dislocated metric spaces. Indian Journal of Science and 
Technology, 8(S3), 154-158. 
[16]. Hussain, N., Khaleghizadeh, S., Salimi, P., & 
Abdou, A. A. (2014). A new approach to fixed point 
results in triangular intuitionistic fuzzy metric spaces. 
In Abstract and Applied Analysis. Hindawi. 

 
 


