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ABSTRACT: Sequential order statistics play the part of model for the basic lifetime of k+1-out-of-n+1
systems, which are working as long as k+1 out of n+1 components in reliability. This paper takes multiple
samples of sequential order statistics modelling for basic lifetimes of possibly different structured k+1-out-
of-n+1 systems and provides test to check the load-sharing or distribution parameters. In two-sample cases,
critical values for the correlative test statistics are arranged for small sample sizes. Weibull distribution of
the test statistics under the alternative hypothesis are consider. This test has applied to discover the

significant differences between systems.

Keywords: Reliability analysis, Weibull Distribution, Load-sharing system, Statistic Order, Alternative Hypothesis,

Likelihood.
. INTRODUCTION

Statistics is the term which is used to mean either
statistical data or statistical method. When statistics is
used in the sense of statistical data it refers to
quantitative aspects of things and this is a numerical
description. Thus the distribution of family incomes is a
quantitative description also the annual production
figures of various industries. While many of the
developments concerning to the study of load sharing
system have occurred in past decade. Modelling
parameters of load sharing system discussed [1]. Sutar
has accelerated failure time models [2].

Il. CHARACTERISTICS OF STATISTICAL DATA

Statistical data always denotes numerical description,
whereas this is true, it must be remembered that
numerical descriptions are not statistical data. In order
that numerical descriptions may be called statistics they
must possess the following characteristics:
1) They must be in aggregates.
2) They must be affected to a marked extent by a
multiplicity of causes.
3) They must be enumerated or estimated
according to reasonable standard of accuracy.
4) They must have been collected in a systematic
manner for a predetermined purpose.
5) They must be placed in relation to each other.
The k+1 out of n+1 system form an important structure
in reliability that comprises series and parallel systems
in some special cases. In series and parallel series
system sometimes n+1 systems work and sometimes it
fails. However, the series and parallel system is solve
as long as at least k+1 of the components, In essence
the ((m+1) —(k+1)+1)th components failure time cross or
touch with the system of lifetime. The test based on
sequential and generalized order statistic suggested [3].
The components lifetime is described in a simple model,
by n non-negative random variables by cumulative
distributed function M the concept of k-out-of-n system
was introduced in concept of generalized order of
statistics which is used to describe the failure time rate
of residual lifetimes of remaining components. The

discussion used for various non parametric
comparisons of several k-out-of-n systems [10].
Modelling with sequentially order statistics is not
adequate in applications for reinvent impacts. When
SOSs are used as a load- sharing model for k+1-out-of-
n+1, then underlying quantity has to perform and
consider the testing for equality of parameters from
different loading system [4].

In this paper we develop the statistical method or test to
compare between multiple k+1-out-of-n+1 systems. We
find the exact critical values for likelihood ratio test and
for Weibull distribution. This proposed test may be
applied to check the performance of sub sequential
procedure and common load-sharing parameters.
Sequential order statistics and k-out-of-n Systems with
sequentially considered [5].

Firstly, gives the model and basic properties which is
based on multiple samples then derive the exact
statistical test to check the critical values for common
load-sharing system. The order restricted inference for
sequential k-out-of-n systems [6].

lll. MODELS AND BASIC PROPERTIES

Sequential order statistics were introduced or given by a
concept of generalized order of statistics by means of a
triangular scheme of independent random variables and
certain recursive formulas. The Modelling parameters of
a load-sharing system through link function in sequential
order statistics models and associated inference [7].

For example: Whenever 50 coins are tossed and asked
for the number of heads and so on. Whenever we
associate with a real number with each outcome of trial,
we are dealing with chance variable, stochastic variable
or simply a variate. While other possible definition has
been proposed in the literature, for instance, based on
independent  power-  function-distributed  random
variables or on counting processes. In this paper, the
likelihood approach to the model is enough. Generalized
order statistics an exponential family in model
parameters has discussed [8].

Let Mi...... Mn.1 be absolutely continuous cumulative
density functions with M{1(1), ...... M, (1) and the
corresponding density functions m, m,........ J M1,
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Ordered random variables Yi...... Yniiknown —as
sequential order statistics depends on M;,....... JMnq if
their joint density functions with respect to Lebesgue
measure | |s given by

M e Yn)
_ n+1 [_1=Mjy) | n+1-j _ miOJ)

(n+1)1T}2 {1—Mj<yj—1)} T Mg
For all real numbersy;<........<yn,1, Where the following
values yo=—oo for the sample representation. In that
case, Yi,......... , Y1 from Markov Chain along transition

probabilities
P(Yi>t[Yja= x31) = {1 = Mj(©)|1 — Mj(yj — D)}"I*2,
t > x;1, In the distribution sense, order statistic (based on
M) are include in the Model and result by setting
M1 = e = Mn+1.
Now by taking _
Mi=1-(1-M)f¥, 1<j<n+,

As any absolutely continuous CDF M, which is refer to
baseline CDF and positive numbers ay,........ , ap, from
this process we archive at a semi parametric sequential
order statistics model, in which M;,....... M1 have
proportional ahead rates ie.,
AM/ G//\M, 1 SjS n+1
The modified ahead rate of Y}, given as Yj.1= x;4, is then

Ayt =y (8) = (n41)0jAmy, > Y,
When the component lifetimes of a k+1-out —of-n+1
system areentered, the data are type — 2 right censored
if k+1 >1, s.t. marginal densities are naturally of some
interest.
The marginal density of first <n) sequential order

ste)gisticys base on My,...... ,M; is given by
M "Wyereen )

(n+1)! r‘+1{ 1-Mj(y)) } n+1—j _ M)
Tt U= LM -0 1-Mj(yj-1)’
y1 S Syr+1 y
Thyi1s equ);ltion can be written as
m'l LY (VI Y1)

__ (et m{ 1-Mj (v)) }n+1 J qj )
(m+1-r)1 "= li-mj(yj-1) 1-M))’

VS <Y,

here m denotes the density functlon of distribution.

Iet TM = {(y1, ,}/r+1) M(0+)<y1 . <yr+1<M
'(1)},denote sample space for brevity.

IV. EQUAL LOAD SHARING PARAMETERS TESTING

Let us supposed to have Sk.1 observations of first r+1
component-failure time in an (nk.-(r+1)+1)-out —of —
Nkasystem.Here  k+1e §1, .......... ,m}, failure time
describe by iid vectors.M = absolute continuous
density functions.
Theorem1. To test the alternative hypothesis, likelihood
ratio statistic and Weibull distribution are given, having
alternative  distributions, in essence, under the
alternative hypothesis, the distributions of the two tests
doesn’t calculate on specific parameters.
Proof: Likelihood ratio test and Weibull distribution
calculated or lean on the data by the ratios

K- Sk EfY | kilel, 1s1sq, 1S/<r+1,
for |ndependent statistics. EY = (S, 18" .
1<j<r+1,1<k+1<m+1 . It gives that distribution of B/*"
is free for B for 1<j<r+1 and 1<k+1<m+1.
As a result of theorem, the exact values for likelihood
ratio test and Weibull distribution
Implies to a partial significance level obtained by Monte
Carlo method.
For n =2 scheme, sample sizes S;<S»
q = [{ie,....... JH1)pp= 1) € {1,.....,4} of pairs with
matching parameters under alternative hypothesis , then
the values are shown in Table 1.

Critical values for likelihood ratio when testing for
alternative hypothesis

Forn=2,qge {1,.....,.4}, Sief1,....... 10}, Sl ,10}
and significance level is 5%.

Table 1: Equal load sharing parameter testing.

Sample 1 m+1
m
System (m-(r+1)+1)- (N1 -(r+1)+1)-out-
out-of-ny Of-Nipt
Observed S vee | e | Smnt
system
Vectors of | ¥1,....,Ys™ Vi Y
sequential K
order
Commulati | MV M
ve density
fn baseline
Parameters | £1™,...B(n1)" B s Bloctm™
model )

V. WEIBULL DISTRIBUTION

Weibull distribution has two parameters

1. Probability density function (pdf)

2. Cumulative distribution function (cdf)

Y is the random variable and is said to be Weibull
distribution having parameters a« and B where (a>0,
B>0) is the pdf of xis

ya 1,-(/B)"
F(Y;a,B) =

Y=20
Y<o0

Where a>0 is shape parameter and B>0 is scale
parameter of the distribution.

VL. ASYMPTOTIC TESTS

Here now address asymptotic result for n = 2 and
altematlve thothe3|s

So:af" = ,feF

Therefore, for some nonempty index set F = {fy,.....,fg} =
{1, ,i, in this case here use the formula from
reference [10] S|mpI|f|es to

N = 2Xrerltlog gy )+ Tlogl o ")

= 28 erltlog (- 1+ ;) + tlog (140

t+t t+t
(1)

and
= 1Ly (et
R _Z&F(t )(Qf+1) @)
Where, Qi = Ti/T{, f € F ,are independent statistics.

For p =1 and t = {; the likelihood ratio test and the RST
are equivalent or equal, since then

(1+1/Q9 (1 * Q) = (TH-T) /Tt Tf
and (Qr1/Qm1)? = 1-4(TTYY/TTH !
Hence Likelihood ratio test and Rao score test is strictly
monotonic functions of statistics (7w T)% /(T T).
So from all assumption, let #/{t+f a by strong law of
large numbers ), as a € (0,1) then the total sample size
increases. Therefore, large numbers,
Qr (a'1-a).a/a,— f, where fe F.
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Table 2: Critical values for likelihood ratio when testing for alternative hypothesis For n = 2, ge {1,.....,4},

Sie{,....... ,10}, Soe{i,......... ,10} and significance level is 5%.

q 5182 1 2 3 4 5 6 7 8 9 10

1 1 11.42 11.06 10.93 10.88 10.88 10.87 | 10.85 10.85 10.85 10.83
2 10.60 10.67 10.30 10.78 10.65 10.43 10.26 10.26 10.24
3 10.43 10.24 10.56 10.51 10.33 10.15 10.13 10.11
4 10.05 10.01 9.98 9.95 9.94 9.91 9.90
5 9.99 9.97 9.87 9.91 9.88 9.87
6 9.65 9.59 9.78 9.83 9.75
7 9.51 9.72 9.79 9.72
8 9.66 9.72 9.71
9 9.65 9.68
10 9.65

2 1 9.43 9.10 9.02 8.98 8.95 8.94 8.93 8.92 8.92 8.92
2 9.09 8.57 8.52 8.51 8.50 8.49 8.45 8.45 8.44
3 8.43 8.42 8.41 8.40 8.38 8.35 8.35 8.33
4 8.36 8.33 8.32 8.31 8.29 8.29 8.28
5 8.29 8.28 8.27 8.26 8.24 8.23
6 8.25 8.24 8.23 8.21 8.20
7 8.21 8.20 8.19 8.17
8 8.19 8.18 8.14
9 8.14. 8.11
10 8.10.

3 1 7.21 6.98 6.96 6.92 6.88 6.84 6.84 6.84 6.84 6.84
2 6.85 6.84 6.84 6.81 6.79 6.74 6.73 6.72 6.71
3 6.81 6.55 6.51 6.50 6.49 6.48 6.44 6.42
4 6.41 6.40 6.34 6.32 6.30 6.29 6.27
5 6.38 6.31 6.30 6.29 6.28 6.24
6 6.30 6.29 6.28 6.27 6.20
7 6.28 6.27 6.25 6.17
8 6.22 6.21 6.15
9 6.19 6.10
10 6.07

4 1 4.64 4.50 4.45 4.44 4.43 4.43 4.43 4.43 4.42 4.41
2 4.30 4.28 4.24 4.23 4.23 4.23 4.21 4.20 4.18
3 4.15 4.14 4.13 4.13 4.13 4.11 4.10 4.09
4 4.07 4.04 4.04 4.03 4.01 4.00 3.99
5 4.03 4.03 4.02 4.00 3.98 3.98
6 4.01 4.00 3.99 3.97 3.94
7 3.99 3.98 3.94 3.92
8 3.97 3.91 3.87
9 3.87 3.82
10 3.80

Lemma 1. Under alternative hypothesis,

162 (Qt,........ JFQP-t) “>Np(0,1/ (1-a)).

Proof: Since Q,......... ,Qf are independent.

So under alternative hypothesis,

(fQ -t/ 12t Qrt....... LEQP-1)°

Np(0, I/ (1-a)) for fe F. Let fe Fand ar = af = arsay.
Therefore, we have

£ Q1= (T2~ £ Ty Ty

= (T Vag/ (1% ay) —(t/F)2(Ti €/ a/(  ay)/ Ti /Eay
Since tf —» (a/1-a), so by strong law of large numbers
along with multivariate Slutsky theorem yields the
assertion.

Theorem 2. Under alternative hypothesis, likelihood
ratio test and Rao score test by given formulas (1) and
(2), are chi-square distributed with n-degrees of
freedom.

Proof: Since Q............. ,Qr are independent.
Therefore, it is sufficient to show that under alternate
hypothesis, any term of the sum in formulas (1) and (2),

respectively, is asymptotically chi-square distributed
with one degree of freedom.
So, it can be claim by application of continuous mapping
theorem.
At the end, let Sp be true and f € F. Moreover,
Let B = f Q¢ t to simplify notation.
Now by using Taylor’s theorem, we have
2log(y) = (y-1)R2 — (y-1)] +2/3 ((y -1 )/p) °
Where b lies in the interval with boundary points 1 and y
So using application to both formula Eqgn. (1) yields
2t log (Vt+f (1+1/Qy) + 2F log(t /t+£(1+Qy))
= [ B/t+t (2-B/t+f ) — tB/Q/t+f (2+A/Qit+f) + A
=B/Qyt+t (2f - { BQy t+- 2t — 1B/Q/t+f) +A
=BY/Q/t+H(2f Q/t+ /Qy)+ A (3)
Where A =2/3 (At+t ) (1/ b2 =1/ p:Qy),
Where py and p. in the interval with boundary points 1
and so on, respectively.
So application of Slutsky’s theorem to formula (3), twice,
then yields the assertion for likelihood ratio test. Order
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restricted statistical inference for scale parameters
based on sequential order statistics considered [9].

VIl. CONCLUSIONS

In the setup of multiple sample spaces, we check the
exact critical values of likelihood ratio-test and Weibull
distributions of k+1-out —of —n+1 systems, finally the
derived identical scale parameters and on the another
hand, this may be applying to check the equality of
parameters. In this paper alternative hypothesis is used
to check the equality of parameters in load-sharing
systems. The proposed test can also be used to decide
whether a meta-analysis of the underlying data is

shown to have many alternative distributions, i.e., they
each have many distributions under all parameters
specified by alternative hypothesis. The performance of
statistical procedure as, for instance, the accuracy of
estimators, get increased as apply to whole datasheet.
In particular, relevant for small sample sizes that are
prevalent in reliability. Finally, the derived results from
theorem 1 and theorem 2 and lemma might useful for
another application of reliability. From this paper it is
clear that under alternative hypothesis, likelihood ratio
test and Rao score test are asymptotically chi-square

reasonable or not. The corresponding test statistics are ~ distributed ~ with  n degrees  of  freedom.
Table 3: The exact critical values of Weibull distribution for alternative hypothesis.
Q 511S: 1 P K] 4 5 6 \ 7 8 9 10 \
1 1 4.75 6.44 8.01 9.07 9.80 10.34 10.75 11.07 11.35 11.55
2 6.32 7.00 7.71 8.27 9.08 9.09 9.38 9.62 9.81
3 7.11 7.47 8.16 8.42 8.71 8.71 8.92 9.10
4 7.60 8.03 8.25 8.43 8.43 8.62 8.75
5 8.04 8.21 8.33 8.36 8.49 8.61
6 8.26 8.41 8.36 8.45 8.56
7 8.43 8.40 8.41 8.52
8 8.46 8.52 8.52
9 8.56 8.58
10 8.65
2 1 3.81 5.36 6.65 7.52 8.07 8.50 8.80 9.04 9.24 9.41
2 5.14 5.73 6.31 6.76 7.15 7.44 7.67 7.89 8.01
3 5.82 6.11 6.41 6.68 6.90 7.11 7.27 7.41
4 6.23 6.40 6.58 6.74 6.91 7.03 7.15
5 6.52 6.61 6.71 6.96 6.96 7.05
6 6.70 6.80 6.94 6.96 7.01
7 6.85 6.92 6.94 7.06
8 6.97 7.01 7.04
9 7.05 7.10
10 713
3 1 2.86 4.13 512 5.71 6.08 6.35 6.55 6.71 6.81 6.91
2 3.87 4.78 4.78 5.13 5.38 5.58 5.75 5.86 5.97
3 4.47 4.67 4.87 5.05 5.20 5.62 5.44 5.54
4 4.78 4.91 5.04 5.13 5.32 5.29 5.35
5 5.01 5.10 5.18 5.34 5.29 5.37
6 5.16 5.23 5.33 5.33 5.40
7 5.28 5.36 5.33 5.42
8 5.37 5.40 5.48
9 5.44 5.43
10 5.49
4 1 1.81 2.65 3.10 3.33 3.47 3.57 3.68 3.68 3.72 3.77
2 2.61 2.76 2.85 3.00 3.12 3.27 3.27 3.32 3.37
3 3.01 3.07 3.11 3.27 3.18 3.18 3.20 3.21
4 3.15 3.24 3.35 3.31 3.30 3.31 3.33
5 3.32 3.37 3.40 3.37 3.33 3.41
6 3.40 3.46 3.45 3.40 3.46
7 3.48 3.48 3.42 3.50
8 3.51 3.53 3.53
9 3.54 3.55
10 3.57
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