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ABSTRACT: A detailed account of the work done on (n + t)—color partitions with their origin is provided
with an introduction to some basic concepts of partitions. Combinatorial counterparts of some g-series and

mock theta functions are discussed.
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I. INTRODUCTION

"A partition of a positive integer v is a non-
increasing sequence of positive integers whose sum is
v". For example, 5 can be partitioned in following seven
ways:

5, 4+1, 342, 3+1+1, 24+2+1, 2+1+1+1, 1+1+1+1+1.

This simplicity can attract anyone having some
interest in numbers. However, as the number increases
it requires more and more precision in writing partitions
since the number of partitions increases rapidly. The
following table for some values p(v) verifies this fact:

v | 1]2]3]|4]5 (1) 20| 50 100 200
4 | 62 | 2042 | 190569 | 397299902
PO 12131517, | 7 | T 292 9388

The concept of partitions first arose in 1669 when
Leibnitz asked Bernoulli about the number of ways of
writing a positive integer as the sum of other positive
integers. However, significant contributions to this
theory were made in the eighteenth century by Euler.
Euler proved many theorems of astonishing simplicity.
Euler also gave the generating function for the number
of partitions as:
2-oP(V)q¥ = @D

Where (a;q), is the rising g-factorial defined
by(a; q)p = 1 and
(,=1-a)(1-aq).... (1—aq™") for
n>0,

(@ q)., = lim,..(@; @),

Since then many great mathematicians have made
significant contributions to the theory of partitions.
Partitions have also played a pivotal role in
understanding the combinatorics of g-series. The
following theorem known as Euler's pentagonal number
theorem is perhaps the first instance where a g-series is
interpreted combinatorially:

n(3n—1))
Y =@ a)
n—->—w
And given below is the combinatorial version of
this theorem:

Theorem 1.1: Let D,(v) denote the number of
partitions of v into an even number of distinct parts and
D, (v) denote the number of partitions of v into an odd
number of distinct parts. Then

D) - D, ) = {1 IV =JGj *1)/2,

0 otherwise.

Partitions can also be represented graphically by

using Ferrers graph. Ferrers graph of a partition
A=A+ 2, + -+ 4 is a set of rows of left aligned
and equally spaced dots, where i** row has

A; dots. The Ferrers graph of partition 9+7+5+5+2+1 is
° e o 0 0 0 o

° o

By deleting the main diagonal of Ferrers graph of
partition and enumerating dots to the right in rows and
below the diagonal in columns, two strictly decreasing
sequences of non-negative integers are obtained. These

sequences, say, (€q,€y, ..., ¢,) and (dy,d,, ..., d,) can
be represented by the following 2 X 7 array:
(cl c, ...cr)
d, d, .d.J)
where v=r+XY_,¢+X_, d;. This

representation of a partition is known as Frobenius
representation. The Frobenius representation of the
partition 9+7+54542+1 is

(8 5 2 1)

5 3 1 0/

II. FROBENIUS REPRESENTATION TO
(n + t)—~COLOR PARTITIONS

In [11], Andrews et al., proved a partition identity
involving hook differences. For a partition m, hook
difference at (i, /)" node, a node which lies in the i*®
row and j** column of Ferrers graph, is defined as the
number of nodes in the i row minus the number of
nodes in the j* column. In [7], Agarwal and Andrews
rephrased conditions on hook differences, in a special
case of this identity, in terms of Frobenius symbol and
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mapped these to a new class of partitions known as
(n 4+ t)—color partitions. However, (n+ t)—color
partitions were first explicitly defined in their
manuscript but they noted that these have been used by
other authors while studying plane partitions. Before
proceeding further, we must define (n+ t)—color
partitions.

Definition 2.1. An (n + t)—color partition, £ =0
(also called a partition with (n + t) copies of n) is a
partition in which a part of size n, n = 0, can occur in
(n+1t) different colors denoted by nqny ..., My,
Note that for t > 0 zeros can occur but cannot repeat.

Example 2.1.The partitions of 2 with "n + 1 copies
of n" are given by

2; 2;+0, 1,+1, 1,+1,+0,
2, 2,+0, 1,+1;, 1,+1,+0,
2, 2,+0, 1,+1, 1,+1,+0,

Remark 2.1. The parts of n—color partitions follow
the lexicographic order as given below:
1, <2, <2,<3;<3,<3;<4, <4, <4<
4,.

If Py (v) denotes the number of n—color partitions of
v then it is immediate using standard techniques of
partition theory that

© — © 1
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It is a very interesting fact that generating function
for n—color partitions is also a generating function for
plane partitions. Since generating function for n—color
partitions and plane partitions is same, it is natural to
ask whether there is a one to one correspondence
between set of plane partitions and set of m—color
partitions of a positive integer v. Agarwal [3] has found
a bijection between these two sets of partitions via
Bender-Knuth matrices. However, finding a direct
bijection between these sets of partitions is still an open
problem. Using this bijection, Agarwal [4] studied two
restricted m—color partition functions to obtain two
analogues of Gaussian polynomials. In the same
manuscript, Agarwal studied generating functions for
various other restricted n—color partition functions and
obtained certain combinatorial identities for these
restricted n—color partition functions.

II1. COMBINATORICS OF ¢-SERIES USING
(n + )~ COLOR PARTITIONS

The two famous g-series identities known as Rogers-
Ramanujan identities are given by

2
— ﬁ:o (1 _ an—l)—l(l _ an—4)—1’
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The combinatorial interpretations of these identities
in terms of partitions were given by Major MacMahon
[13]. Considering the form of these identities these are
called sum-product identities. Identities similar in form
to these identities are known as Rogers-Ramanujan type
identities. A number of authors have found many

Rogers-Ramanujan type identities. In the two
manuscripts [12, 14], one can find lists of 200 and 130
identities respectively of Rogers-Ramanujan type.

In [2], Agarwal proved the following general theorem
involving n—color partitions:

Theorem 3.1. For k > -3, let A,(v) denote the
number of n—color partitions of v such that each pair of
summands m;, n; satisfies [m —n| > i +j + k. Then

V[1+(k+3)2(v—1)]

© A V=Y q—
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To prove this result, Agarwal used the technique of
splitting the set of partitions under consideration into
certain classes thereby obtaining a recurrence relation
which provides the required results. Using this method,
Agarwal [1] provided combinatorial interpretations of
seven identities from Slater's compendium in terms of
(n + t)—color partitions. Agarwal and Bressoud [8]
also linked restricted
(n + t)—color partitions to certain weighted lattice
paths introduced by them. In 2009, Agarwal and Rana
[10] provided new combinatorial counterparts of
Gollnitz-Gordon  identities  using  (n + t)—color
partitions.

In [5, 6], Agarwal used this idea of interpreting q-
series to obtain interpretations of four mock theta
functions in terms of (n +t)—color partitions and
lattice paths respectively. In continuation, Agarwal and
Rana [9] interpreted another mock theta function of
fifth order in terms of (n + t)—color partitions and
lattice paths. But there is a long list of mock theta
functions which is still open to these combinatorial
treatments. Also, there are many identities in Slater's
and Chu-Zhang's compendium which have not been
interpreted with these combinatorial tools till now.
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