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ABSTRACT: Our aim of this paper to generalize the result due to Hema Yadav [9]. In this paper we will prove a
common fixed point theorem using rational inequality in Hillbert space.
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I.INTRODUCTION

In linear spaces there are two general iterations which have been successfully applied to fixed point problem of operators
and also for obtaining solution of operator equations. These are Ishikawa scheme [2] and Mann iteration scheme [4]. The
Ishikawa iteration scheme [2] was first used to establish the strong convergence for a pseudo contractive self mapping of a
convex compact subset of a Hillbert Space. The Mann iteration scheme was introduced by Mann [4] and has been applied

extensively to fixed point problems. In [5], [1], [6], [7], and [8] it has shown that for a mapping T satisfying certain
conditions, if the sequence of Mann iterates converges, then it convergesto afixed point of T.
Let £ be a non empty convex subset of a normed space E and T: ' — ' be a mapping. The mann iteration process is
defined by the sequence {x, }[4]:
x,=x L,
Xpeq =(1—by)x, +b,Tx,, nEN e
where N denote the set of all positive integer. Where{ b,.} isasequencein [0,1].
Liu [3] introduced the concept of Mann iteration process with errors by the sequence { x,,} defined asfollows:
x, =x el
Yoo =(1=b Jx +b Tx, +u,, neN. } .2

where{ %, } isasequencein[0,1] and { u,} satisfy Z”un” < 0o Thissurely contains (1).
n=.

Let A be a Banach space and and £’ be a non- empty subset of X. Let T4T5: £ — £ be two mappings. The iteration
scheme called [- schemeis defined as follows:

€0 (3
Van = Bon Ty gy + (1 = B ) %5, nz0 } - (4)
fgmsr = (1= @y )Xoy + @2, ToVsy, n=0

Vans1= BamaaTiXoner + (1 — By %000, n=0 }

Comsz =1 = Cppey )Xopsy + 0009 To¥onsy, nZ0 - (9)

In this paper we shall make the assumption that
()0 =a,, =f,, =< 1fordln,

(i) lim, .. a,, = a,, = 0, and
(i) lim,, .. f,,, = B,, < 1.
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We know that Banach space is Hilbert if and only if its norm satisfies the parallelogram law i.e. for every x, v € X (Hilbert
space).

e+ vl +llx—vlI* = 2[xl* + 2llyl? ...(6)
which implies
lx+ vll= < 20l=ll* +2]lv]-. o (7

We often use thisinequality throughout the result.
Below we prove the result concerning the existence of common fixed point of pairs of mappings satisfying the contraction

condition of the type.
T.—T, ® < K max (|ly— T| :),%“ x— Tl 4 y—T.l :J,
-z + |y -7%)

[y =Tyl T2+ lx — 7,17
1+ |lx — ¥ll?
lx = T AF[L + [lx — vlI7]

Kl

¥

1+ [y -7’
llx —v|?[1+ | x—T,| ]

- B

1+ | v=_,|

lx— T, II? [l—|_v—T_,l.|:]

l—|x—}'|2 !

1+ [y =T H02+ lIx =T 02

l_l 1._},| 2

..(8)

Theorem: Let X be aHilbert space and £ be a closed convex subset of X . Let T, and T, be two sets of mapping satisfying
| Tyx— T:_Vl 2 £ K max { |y — T:_v| :,1: (llx— T':_v| 21| Vv — T'1_x| :),

1 - -
EU x—Tyx|[* + |ly = Tyvll*),
lv— Tovl*[1+ llx — Tyxll®]
]_ i I T — -.Il..l 2
l|x — T-lf'-'l :[l +lx— vl :]
1+ |lyv— T:_vl e

Kl

¥

llx— v 2[1_ | 1._-1-111.' :]
1+ ly—Tyvl?

llx— Tyxll*[1+ |y — T,vll*]

l_lx_},lf
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(L+ lly=Towl*)[1 + llx — Tyx|I?]

l_ll'_}'l:

.. (9
Where, 0 = k < % . If there exist apoint x; such that the I - schemefor point of T; and T, defined by (4) & (5),

converges to apoint p,then g2 is acommon fixed point of T; and T-.

Proof: It follows that from (4) ., — x5, = &g, (Tyv,, — x5, ).5nce x5, = p, x5, — x5, || = 0 since

f&,, 1 isbounded away from zero, [IT;3,, — x,,|l = © .Itasofollowsthat [[p — T>y,, [l = 0. Since T; and
T, satisfies (9), we have

ITy25, — Tava, 1P < K maxy lly,, — Toya,l 311: (|29 — Ty Vo 12+ 130 — Tyan |12,

1 - -
EU Lapm — Til':nl “+ Yo — T2V, 1<),

lwvan — Tavay P11 + g, — Ty, 117]

1+ |2, — ¥2, 1P J
|20, — Tyxa, 1P [1+ llxg, — ¥2,, I7]
1+ vy, — Tova, P J
20y — v 1P [1 + Mg, — Tyxa,, II7]
L+ v, — Ty, 17 J

Loy — T‘le_v!l : [l + Van — T2V, | :]

| = ]

1+ | Xap = Vau

(L4 llyap = Tovan 1) [1+ g, — Tyxa, 7]

1 _l Xon _.anl ’

... (10)
Now,

Yo — xinl =] BapTyx0, + (1_J'9:njx:n - xinl ’
= |JB:nT11':n T Xy — By Xy, — xinl ’
= |J'9:n(T11':n _1'231)' :

J'gj:nl (Tyx5, — Tova,) + (ToVa, — x2,)| :

=267, Ty 20, = Tova, 74287, I Ta v, — 20,17

= 21Ty, — To¥ay, ||2+2|IT2}’2?= - 3'52?:”2

.. (12)
Vo — TaVay | = BynTyx, +(1— By )25, —Tovy, | ’
=18, Ty, + (1 — 85,055, —To¥an + Bop ToVan — B2 TaVa, IIP
= 182, (Ty 0, — Ty¥ap) + (1 — By ) (x5, — Tovy, ) :
= 21'92 3_,!| (T3, — ToVa, ) 2+ 2(1 — By ) oy, — Ty, )| :
= 2[[(Tyxy, — Toyay,) | 212 (%3, — Toya, )| : ...(12)
Yom — T‘ler!l = B2 Tyss, + (1— J'gzx)l':n - Ti."':nl :
= | [l_ JBEHJEIE?! - T‘lj'.:.v!jl ’
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= (1= B2)7 M (g, — Ty, )IIP
== (1 = B2 ) Il (xpp — Tova) + (Tovy, — Tyxo )1
= 2(1 — B, gy, — Tovan 12+ 2(1 = 2,0 P I Ty v, — Ty, I
= 20 (x5 — Taya, )l ‘42| (Toyy — Ty, )| g
From (11), (12) and (13), (10) can be written as

ITy25, — Ty, | ‘= kmnx{[ﬂ TyX5 = To¥ag | *+ 2] Xon — T3 ¥op | :)4

..(13)

1 - -
g(3| Lom — T:."':nl =+ 2 Tvo, — T‘lxﬂnl “),

1 - . .
=X, — B | e Mo, — 1V (17 T Mo, — 1V [T 0,
(s, = Ty, 12 + 20Ty, = Ty, 17 + 2, — Tav |

¥

(2| Tyxg, — T1¥a, | 2+ 2| Xzp — T3¥2n | Ej(l_ | Lam _T‘le.v!l E:‘

(1+2] Tyxp, — T:.‘*':nl 2+ 2| Toyy, — 1':n| %)

[l Lan _T‘le.v!l :j(l_ 2| Tixa, —Tavay, 1% + 2| Tyva, — xﬂnl :)
(1 + 20Ty x5, — Ty, 112 + 2llx,, — Toy, I2)
(2lTyx,, — Ty Yy, | ?+ 2| T2¥2n — Xzp| :)(l_ |2, — Tyxo,| :)
(1 +20Tyx5, = Tava, 17 + 2llay, — Tavy, 1)

¥

¥

(Il = Tyxan 1F) (14 20 Tyzey, — Tyvay 1P + 2120, — Tova, 17)

(1 +2(|Tyx5y — Tova, 17 + 21Ty, — x5, 117)

(1+ 2| Ty, — T:."':nl >+ 2| Xz — T2Vin | ::'(l_ | Hap _T'leﬂl ::'

(1+ 2| Tixp, — To¥a, 1%+ 2] ToVay, — 1':_“_| ::'

1Ty, — Tava, | =k (21 Ty x5, — Tovay | >+ 2| Xap — Ta¥y, | :)
1Ty 0, — Ty¥ay, | =k (21 Ty, — Tovy, | 24+ 2] Ty ¥V, — X oy j)
Taking the limit as v — o2, we get

| T-]_.':Lj“ - TE-VE."! | z — 'D-

It follows that

Il (g, — Tye5, 17 = (Mg, — Toy, 1P+ 20Ty, —Tyxg, 1) = O
and

| (p_T‘lxlﬂ)l ? < (El Tﬂ_:"'fnl ’ + 2| Lom — T‘l."rfnl :)% Dasn — o0 .

If
X.,. P satisfieseq. (9), we have

2 7 -1 - .

T3, — Tapll™ = kmax llp— Topl ':EU xa, — Tapll= + llp — Ty, 17))
1 . .
E(l %oy — Ty, ll” + llp — Topll %,

llp— Tziﬂl E(l_ | x:.v!_Til':nl E)
1+ | Xap _T‘jl .

i
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lxz, — Tyxg,| :[l_ llx,,, — pl :)

¥

1+|lp— Typll?

0y = Pl (L + |2y, — Tyxg,lI7)
L +lp— Typl?

4

Xy — Typ, | :(l_ llp — T,pl :)

il

1+ | Xap _Tﬂ'l :

[1 + |IFl - T:p”:j(l + |Ix2n - 1xgnllzj
1+ |I.'x:2;..!_:p||2

Using inequality (7) we have

I T‘l:‘".ﬂ.v! _Tﬂpl : = kmax [El TG_:".Enl : _El Loy — Tfpl :ji
1 A A A
:(El Xy — Tyt gl + 20 Tyagy, — Topll® + Ml — Tyxep, 119,

i 2 2 5
7 Qllxg, = Tyxp, 17 + 2llp — 22, I* + 2%, — To2lI%),

(2llp — 24, >+ 2 Xy, — Tapl :)(l_ |0, — Tyxq,| :)
1+ 3"-':_1'!_?' :

llx¢5,, — Tyxq,| 1+ Xy, — Pl )

1+ 2|lp —x,, |17 + 2], — Topll*
|5, — pl :(l_ |5, — Tyxg, | :)
1+2llp — x,, 117 + 2llx,, — T, pl >

Loy — Tixznl :(]—_2|Tﬂ—x:n| >+ 2| Koy _T:TG| :)

¥

l_l Lap _Tﬂlz

(l—leﬂ_x:nl 2+ 2| :a_':_,!—T:;a| Ej(l_l Lom _T‘lxﬂnl E)
1+ | xﬂn_iﬂl :

Taking the limit asn — oo, weget || Ty xo, — Tapll — 0.
Finally,
lp=Tpll*=  llp=Tyx,, + Tyx,, = Topll?
Z2lp=Tyxs, P+2Tyx,, = Top |7 = 0,asn = .
Showing that = T5p. Similarly, we can prove that # = Typ. Thus p is the common fixed point of Ty and T5. This
compl etes the proof.
Letting T; = T» = T in above theorem, we obtain the following

Corollary: Let X be aHilbert space and ' be a closed convex subset of X. Let T be a self- mapping satisfying (8) where

0< k=< % If there exists a point i such that the { - scheme for T' defined by

1""=18"Tj'“_(l_18n)1nJ =0

¥,y = (L—as,)x, +a,Ty,, n = 0convergestoapoint z , then » isthe fixed point of T".
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Inthe I-scheme, { &, } {5,} satisfy 0 < e, = §, < Lfor dl nlim__. 5, =0X«,5,=0.

Assuming that
(i) 0= a,.f, =1, for all 71,
(i) lima, = a =0,

(i)  limB,=8 < 1.

The proof is similar to above Theorem, hence we omit the details.
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